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Abstract

This paper examines the characteristics of three types of random error measures in the presence of
negative power law (neg-p) noise: (a) the observable residual error after removing an estimate of an
information containing causal function from data, (b) the jitter, the residual error with additional
highpass (HP) filtering, and (c) M™ order difference (A) variances, such as the Allan variance (1%
order A-variance of the fractional frequency error y(t)) and the Hadamar d-Picinbono variance (2"
order A-variance of y(t)). Measures (b) and (c) are used to mitigate perceived divergence problemsin
the mean square (M S) of Measure (a) due to the presence of neg-p noise. This paper provesthat this
perception iswrong; it showsthat the M S of M easure (a) convergesin the presence of neg-p noise by
demonstrating that extracting a statistically optimal estimate of the causal behavior from data HP
filtersthe noise in the measure. It is further shown that the order of this noise HP filtering increases
with the complexity of the model function used to estimate the causal behavior in the data. Thus, if
one is free to choose the complexity of the model function, the MS observable residual error is
guaranteed to converge for any negative power in the noise PSD. Because of this, it is shown that the
jitter can be defined simply as the observable residual error without additional HP filtering, making
the jitter and residual error the same error measure. This paper finally shows that an M™ order A-
varianceis also a measur e of the M S of the observable residual error for any number of data samples
when the model function is an (M-1)" order polynomial. This completes the equivalence, showing
that Measures (a), (b), and (c) all measure the same kind of error when the model function for the
causal behavior is a polynomial. The consequences of this equivalence are then explored. Among
these is a physical explanation for the fact that the Allan variance is sensitive to frequency drift,
while the Hadamar d-Picinbono variance is not.
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Figure 1. Residual error (left), jitter and wan@middle), difference variances (right).

Different approaches for specifying random timeag#d) and frequency (TPF) error are used across the
electrical engineering (EE) community. As showtrigure 1, these approaches are as follows.

OBSERVABLE RESIDUAL ERROR

We will define oﬁ_j(N,M) the mean square (MS) observable residual errthead1S of the difference

between a set of N data samples)(@ver an observation time T) and, y (t,,A) an _estimatef a true
causal functionv(t) imbedded in the data [1]. The parameter Mdhj(N,M) relates to the M in

Vum (th,A) and will be explained Iateroi_j(N,M) is an important random error statistic in system
specification, because it relates directly to prynperformance measures in many systems. These



measures include the signal-to-noise ratio (SN kit or symbol error rate (BER), the noise poratio
(NPR), the effective number of bits (ENOB), and theltiplicative noise ratio (MNR) (signal procesgin
noise) [2][3][4][5][6][7][8]. In many treatmentshé terms standard, sample [9], and MS (RMS forateyi

error are used Wheoi_j(N,M) is intended, but we will use the neutral termdeal error, because it does
not have the alternate definitions or connotatiassociated with these other terms. Note that we are
explicit in stating that it isv,, \, (t,,A) the estimatef the causal function that is removed from theada
not v.(t) the true causal function. The distinction betwtenestimated and true causal functions is often

glossed over in treatments of residual error, hig distinction will be important later in our disgsion.
Thus, only the observable residual error, basedawsal behavior estimated from the data set iteelf,
directly measurable or observable from a set of,daven if the desired error measure for system
specification is the true residual error [1].

vum (ty,A) the model function used to estimatg(t) will be considered a function of M parameters
represented by the column vectar= (a, a,,..a,_,)" (' is the matrix transpose) as well as the observation
or sample time,t Thus, the M inv,,  (t,A) is the source of the M inr\z,_j(N,M) . In this paper we will
adjust A in v, (t,,A) to obtain a statistically optimal estimate ¢f(t) by utilizing a least squares fit

(LSQF) over the N samples of daté&,) [1], where we will assume the(t,,) are evenly spaced over the

observation interval T. For Gaussian random (thadighrgent neg-p) noise, such an LSQF is equivalent
to other maximum likelihood methods [1][10], espdlgi if we allow the LSQF to be weighted [1].
Estimating the M parameters i or the functionv,, , (t,A) from the data is equivalent to the extraction

of causal information from the data, hence, tHe tf the paper. This is true whether the inforovatis a
desired product of the system or is just anothear grarameter that impacts system performance, asch
the frequency aging of an oscillator.

JITTER AND WANDER

Jitter and wander [4][11][12] have been introdu¢eddeal with perceived divergence problems in the
residual error associated with the presence of tiveg@ower law (neg-p) noise [13]. Time jitter and
wander are currently defined as brickwall highp@$8) and lowpass (LP) filtered variations in thedi
error x(t) or the time interval error TIE with aossover frequency. Excluding causal frequency offsets
and drifts (and implicitly causal time offsets) [[#1][12]. Thus, jitter and wander are effectivelyrtand

LP filtered x(t) residual errors after removal betZ?* order causal behavior in x(t). The brickwall HP
filtering in the jitter ensures convergence for 4pegoise and dumps the convergence problem into the
wander, which is usually ignored in discussionjttafr.

For the purposes of the discussion that followsnate that power law (neg-p) noise for a generehtbite
v(t) is wide-sense stationary noise with a singtelsand power spectral density (PSD)(t) OfP [13].
Here, we are departing from [13] in utilizing th&E PSD L, (t) rather than the double sideband or
single-sided PS5, (t) . Hence the use df,, (t) to avoid confusion with the DSB forig, (t) . Neg-p noise
will designate such power law noise whenx0 (usually -1,-2-3-4 [13]), and thep=0 case is

generally called white v-noise. We also note th@}t will be generally considered a reference to TPF
variables, such as x(t) the time errg(t) the phase error, or y(t) the fractional frequeprror [4][13], but
results in this paper in terms of v(t) will applyyavariable without limitation.

The problem associated with the use of jitter ammhaer is that the relationship qftb natural filtering
parameters in the system under consideration éafticlear. The ITU arbitrarily definesds 10 Hz [4].
This is helpful in standardizing producers of TRfuipment, but bears only an accidental relationship
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parameters in general user systems. The IEEE Basadechnology Society (BTS) [11] and the Society
of Motion Picture and Television Engineers (SMPTE}] relate { to the loop bandwidth of a phase
locked loop (PLL) in a user system. This is heldfrl users with PLLs in their systems, but leaverss
without appropriate PLLs their systems in doubt. Wik address this frelationship problem later in this
paper.

M ™ ORDER DIFFERENCE (A) VARIANCES
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Figure 2. M order difference variances.

o2y (1) the M" order difference/) variances [14] is a generalization of the Allan2esample variance

[13], which is the 1 orderA-variance of y(t) and the zero dead time Hadamardmce [15][16][17][18]

or Picinbono variance [19], which is thé® Drder A-variance of y(t). These variance are considered
stability measures and are used because of thegtlert convergence properties in the presencegfm
noise [13][14][16][17][18][19]. In fact, one cahaw, for any M, that the MorderA-variance ofv(t) will

HP filter L, (f) with a 2M" zero at f=0 [14]. As indicated in Figureé,M (1) is given by [14]

oom (D = MAMSA@ " v(t,)} (1)
where A(1) is the forward difference operator over the sejgarantervalt defined by [14]
A(T)v(t) = v(t+1) - v(t) 2)

and the normalization constant is defined as [14]

M Mo Y
St ?

m=0

We note that this definition of,, makes all M-orders ob3,, (1) equal for uncorrelated white noise [14].
The MS operation in (1) is over N samplestatt, +nt, (n=0toN-1) so that the samples again fall
within a total observation interval = N1, , wheret, is the sampling interval. There is more than oag w
to take the MS over the data, and we will dischsslater in the Mathematical Niceties Section.

THE HIGHPASS FILTERING OF NOISE DUE TO INFORMATION EXTRACTION

The common wisdom is that the rigorous form of M@ residual is divergent in the presence of negativ
power law (neg-p) noise. This paper will show tttdé common wisdom is wrong, because the process o
optimally estimating the causal function HP filtéhe noise in the residual error. We will also shibat

the order of this HP filtering increases with ttemplexity of the information extracted from the alas
expressed by the number of parameters M jn, (t,A). Thus, if one is free to choose the complexity of

vum (LA), the residual error is guaranteed to convergarigregative power i, ().



This HP filtering of the noise in the observablsideal error allows one to eliminate additionaifiing in

the definitions of jitter and wander. Thus, we wilefine the jitter simply as the observable negicrror
without such additional filtering. Later in the mapwe will show that the needed HP filtering ipslied

by a combination of the LSQF process and otheresystelated filtering. The wander will then be
redefined as the difference between the estimatedtrae causal functions, which we will show is LP
filtered by the same system related filtering peses as the jitter. These new definitions solve the
relationship problem betweep dnd system parameters for general user systensy. dlko allow one to
generalize the concepts of jitter and wander ttuthe variations in any variable and the removahoy
type of causal behavior.

M ™ ORDER DIFFERENCE VARIANCESAS M EASURES OF RESIDUAL ERROR

The paper will also show thatﬁyM (T/M) is a measure oﬁ\z,_j(N,M) for any N whenv, (t,A) is an

(M =1 polynomial and the MS operation foﬁ_j(N,M) uses the “unbiased” estimator; that is, it divides

the sum in the MS operation iy -M . Unbiased is in quotes because it is the trueaseli estimator
only for uncorrelated white noise [20][21]. Thidationship betweers?,, (T/M) and ci_j(N,M) is well

known for the Allan or 2-sample varian@%(r) [13][23] or 05_1- (21), which has been related to the N-
sample variancerf,(N,r,r) [23][24] or cf,_j(N;L) using Allan-Barnes “bias” functions [23][24]. Welllw
generalize this argument to relaté,, (T/M) to o\z,_j(N,M) using a similar bias function concept, except

that, in our case, we will hold the total obsematiime T constant as N varies. Because of thismdifice,
the bias function relatingsiv,v, (T/M) to cﬁ_j(N,M) is much less dependent on p than in the Allan-Barne

case, and we will show that there is a simple apprate form for our bias functions independent of p

This brings us full circle, showing that residuatiances, jitter, and-variances measure the same type of
random error when a polynomial is used to model dhesal behavior of the data. This relationship

betweena? , (T/M) and o\z,_j(N,M) also yields a physical interpretation for the welbwn insensitivities

of 6% (1) to (M -1)" order or lower polynomial causal aging behavi&[26].

MATHEMATICAL NICETIES

DATA, NOISE, AND RESIDUAL ERROR M ODEL
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Figure 3. Data model and residual errors.

Figure 3 shows the model we will use for the N datanplesv(t,,) and the various types of residual errors
we will be defining. Let us represent the totalnfiilouous) data variable(t) as

v(t) = ve(t) +vp(t) (4)
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where v, (t) is the true causal function imbedded in the dathg,(t) is the true random noise. We will
assume that(t) , and thusv.(t) andv,(t), have been pre-filtered by a system responseitmutritten
as h,(t) in the time domain an#i (f) in the frequency domain such that

v(v) = [dthe(t= v, (1) (5)

where v, (t) is the variable prior to system filtering [5][6R H(f) describes the filtering action of the

system on the variable over and above any filteiigpduced by the LSQF. It is well-known that swch
filter acting on the pre-filtered noise variablerresponding tov,(t) will produce an output PSD of

[H(F)[* L, (t) when the pre-filtered PSD of the noise variable jgt) [10]. Thus, the PSD of the post-
filtered v,(t) will be written as|H(f)[ L, (t) in this paper, siH (f)[> explicitly appears in spectral
formulas.

We will further assume the model functieg, ,, (t,A) is linear in A, so it can be represented by
M-1
Vi (t0A) = D A (t,) (6)
m=0
where theu,,,(t) are a set of (not necessarily orthogonal) basistions. An important class of,, , (t,A)

that we will discuss consist of polynomials, foriethu,,,(t,) =t,".

The observable residual erroy(t,) is thus
Vj(tn) :V(tn)_vw,M (tniA) (7)

and its MS or variance is given by

0y = MS[v;(t,)} (8)
In this paper, we will defing(t,) above as the jitter. The true function error isegiby

Vi (tn) =V m (th, A) = Ve(ty) ©)
and its MS or variance is given by
0w =MV, (t,)} (10)

For this paper, we will define, (t,) above as the wander, which one can see is nattlgi@servable
variable, since one must know eitlgft) or v,(t) to generate it from the data. More will be saidutb

this later.
We note, from (4) and (7) and, (t,,) that we can write

Vp(t) = V(1) + vy (1) (11)

Thus, vi(t,) and v, (t,) sum together to form the total noise just as cotiveal jitter and wander do.
Later in the paper, we will show thaj(t,) andv,(t,) have HP and LP properties similar to those in the

old definitions [4][11][12], but with their HP anidP properties completely determined by(f) and the
LSQF estimation process.



M ™ ORDER DIFFERENCES

We note thata(t)™ v(t,,) can be written in expanded form as [27]

M
A" V() = D" c(M,mv(t, + ) (12)
m=0
where
G R V1!
oM. m) = mi(M —m)! 13)

Thus, A,, in (3) can be written as

M

Aw = D c(M,m)? (14)

m=0

As an additional note, (3) and (14) correct a typpbical error in [27] in which the upper limit thfe sum
was mistakenly written ast —1.

DEFINITION OF MEAN SQUARE OPERATION

The MS operation for statistics of variances willdefined as

N-1
MS{z(t,)} = D &, |2(t,) P (15)

n=0
This can represent various types of mean squanaiipes depending on the values&f, and the form

of h(t). The unweighted biased MS is thus given fy=N"*, and the “unbiased” MS is given by

£,=(N-M)™. One can also use various combinations &gf and hy(t) to represent overlapping,

modified, or total averaging MS operations [11][24]. In theoretical variance representations ef MhS
operation (see Appendix A), we will assume the pide average or expectation operator E{...} has been
applied in addition to the MS operation definedliB).

THE HIGHPASS FILTERING OF NOISE DUE TO INFORMATION
EXTRACTION

Figure 4. Simulated least squares solutions fapuarp values.

In this section, we will first explain intuitivelgnd graphically how and why the LSQF estimatiorvg()
using v,, v (t,A) HP filters the noise in the residual error; thes will formally prove this assertion. For
the intuitive explanation, consider Figure 4, whese show LQSF solutions for various power law noise
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indices p . Fop=0 (white noise), one can see that the solution behavthe classical manner [1], with
vum (LA) closely trackingv,(t). Using classical LSQF theory [1], one can show thay (t,A) - V(1)

with o,_, - 0 as N - o as long as the bandwidth of the data is such ttietdata samples remain
uncorrelated for any value of N. Fgg=-2and-4 (neg-p noise), however, one can see there are
significant systematic long-term deviations vy, , (t,A) from v(t) for the large N case shown. This is

due to the highly correlated nature of neg-p ndiséact, using LSQF theory for correlated noisee @an
show that these deviations will remain non-zeraNas « , becausev,, , (t,A) will track components in

the noise with Fourier frequency f approximatelyaoor less tharf; =1/T (for an unweighted LSQF),

regardless of the value of N. (It is noted thatsTfixed as N is varied and, for a weighted LSQRt th
fr =1/ T , where Ty is determined by the weights, as well as the total time T.) This tracking of low

frequency (LF) noise arises because of the wellsknimability of an LSQF to distinguish between caus
behavior and noise that is correlated over the oreagent interval [1]. It is this tracking that casshe

noise to be HP filtered iw,(t) and oﬁ_j with an HP cut-off knee at approximately. One should point

out that this LF tracking also occurs for whiteswbut is only apparent for neg-p noise, becauseally
all the power in the neg-p noise is in Fourier comgnts withf <1/T (for any value of T).

One can write a spectral representationd@zrj as

o) =2[  LLOHLOIK (O +o% (16)

The left term in (16) is a previously published apa integral [5][6][27] that describes the,(f)
dependent part 065_1». In this paper, a new terns?2., has been added in (16) to include the effects of
model error. This term arises when the complexity oy, (t,A) is not sufficient to follow the variations in
v(t) over the observation interval T (See Appendix Arfmre detail.). In the integral part of (16), ther
are two factors|H(f)|* and Ky-(f), that can HP filteiL, () . As discussed in the Mathematical Niceties
Section, H(f) represents the explicit filtering action of thestgyn under consideration on the data
variable v(t) [5][6][27]. |H<(f)]? in (16) replaces the simple LP cut-6ff used in previous formulations

of the spectral integral to model the system [8H(f)|* is a more accurate representation of a system’s
specific filtering properties thafy, and can be shown to have HP as well as LP behtrianany types of

systems [5][6][27]. The importance of such HPefilng from |H.(f)|* is that it helpso?_; converge in
the presence of neg-p noise and, in fact, in aritbelf can ensure the convergencenéfj for some or all
of the common neg-p values [5][6][27].

T
cp(t-rd) L=
(O [H, (I O 2 (f<<1)

Figure 5. Delay system response function.

A classic example of a system response functidineésdelay” H,(f) shown in Figure 5. This well-known
response function arises when one mixes a sigrihl avidelayed version of itself, as in a delay line
discriminator, radar system, or two-way rangingesys[27]. One can show thfitl(f) [*= 4sin®(rft,) for



such a system [27]. Wheh<<1, this |H(f)[* is proportional tof >, which by itself allowsa?_; to
converge for neg-p noise with> -2.

K,-(f) is a spectral kernel that describes the spectoglepties of the LSQF and MS generation process

independent of the system response filtering [G][2@ Appendix A, exact formulas are derived for
K,-j(f) and an equivalenk,_,(f) for a7_, in terms of a spectral decomposition of thg,, (t,A) basis

functions,|H.(f)|?, and L (f). Also derived in Appendix A is a similar kernelfe2 in terms of a dual
frequency PSD for the non-stationary(t) . In the next subsection, we will prove that

K,-j(f)Of? (fT <<1) when v,y (t.A)is an (M-1§" order polynomial (17)

Ky(f) Of P (fT <<landp=2) when Vo (1, A) is any function with a DC component (18)

Figure 6 shows the results of a simulation verifythat (17) is indeed true favl =1to 5and N =1000.
This verifies thatK,_;(f) has the required HP filtering properties fir <<1 to ensure tha’tyi_j will
converge for any neg-p value, if one can chooséatime of v,, \, (t,A) .

Of -2 :
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Figure 6. Simulation showing_fynf2v for fT <<1 for an (M-1}" order polynomial model function (and
an unweighted LSQF).

PrROOF OF NOISE HP FILTERING FOR RESIDUAL L SQF ERROR

Let us now prove assertions (17) and (18). We piive (17) by decomposing the dat&,) into
components

V(tn) = ) Ve (ta) + Ve(ty) (19)
f
where thev, (t) = V;e””™ are single-frequency noise components that sumetterate the total noise
vp(t,). Because of the linearity of,y (t,A) in A given by (6), we note that the LSQF solution
vy (tLA) for the total input can be decomposed into the stilrSQF solutions for the separatg(t,,)
andv,(t,) inputs, or
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VW,M (t’A) =Z VW,M (th(f))"'VW,M (t’A(C)) (20)
f

Also, because the spectral noise components) for a wide-sense stationary noise procegg) are

uncorrelated with each other [10] and witf(t,) , we can use (20) to write\z,_j as

0 = EMS{| v;(t,) P} = EMS]| v (t,) P} + D EIMS]] v (t,) P} (21)

f

where
Vj—f (tn) =V (tn)_VW,M (tniA(f)) Vj—c(tn) :Vc(tn)_VW,M (tn'A(C)) (22)

and where E{..} the expectation value has been dddghe MS operation in order to genera@i in
terms of the PSDL,(f) (see Appendix A). Thus, since (16) is just thenitdésimal limit of (21), the
spectral properties oK,_;(f) in (16) can be determined by considering the LSpperties of each

E{MS]| v (t,)[}} term separately.

To do so, let us expand,e’*™ using the well-known Taylor Theorem as

M-1 . . ,
Vi) = v;elme s 2 (L !—to))k py, 2T (It/l —!to))M @3)

k=0
where t' is somewhere in[t,t]. We then note that the residual error(t,), and hence
E{MS]| v (t,)I’} , would be zero, ifv, (t) were given only by the right hand finite sum tenm(23).
This is because the model functiog , (t, A") and the finite sum term would then both be (M-ajder
polynomials, so the fitted,, \, (t,AM) would be exactlyv, (t) . Thus, when the Taylor series converges,
the value of E{MS]| v, (t,)I?}} must be proportional to the square magnitude ofridfiet hand term in

(23). This term is proportional t6*™, and therefore we must have,_;(f) OfM for f(t'-ty) <<1 or
fT <<1, which is just (17).

To prove (18), we note that a DC component is"afler polynomial. Therefore, by using (17) with
M=1, K,_;(f) must be at least proportional t for fT <<1.

HP AND L P PROPERTIES OF JITTER AND WANDER DEFINED ASRESIDUAL L SQF ERRORS

| I//\ - Jitter
f : »f — wander

fi fr fy e

Figure 7. Jitter {,(t,)) and wander, (t,) ) HP & LP properties.

Now, let us discuss the HP and LP properties t&frjand wander defined as(t,) andv,,(t,) . The exact

2
v=j

HP and LP properties af;_; and ofv_j can be derived from the formulas figr,_;(f) and K, _,,(f) given

in Appendix A. Here we will discuss their over-akture. As discussed in the previous subsectitwes, t



LQSF causes(t,) to be HP filtered with a knee frequenty 01/T . Similarly one can show that the

LSQF causesg,, (t,,) to be LP filtered with the same knee frequencys TISQF filtering atf; is shown in
the left side of Figure 7. In additiomy () filters bothv,(t,) and v, (t,) equally, sinceHy(f) has the

same effect on all variables. In the left side mjulFe 7, thisH(f) filtering is shown parametrically using
an HP kneefand a LP kneenf Thus, the brick wall filtering properties of tlhigter as v;(t,) are

determined by an HP knegthat is the higher of ; and fand a LP knee given biy, , which are purely
functions of system parameters. We also note tiatequivalents of conventional x-jitter and x-wande
[4][11][12] are x;(tn) and x,, (t,) with a 29 order time error polynomial removed. This guarastthat
the x-jitter will converge forp>-6 in L,(f) without any help fromH.(f), and thus guarantees the
convergence of the x-jitter for all the neg-p naisenponents normally encountered.

The right side of Figure 7 shows that the wander disappear wherr - « (f, >>f;) and all that will
remain is the jitter, ithe HP order oH(f) is sufficient by itself to overcome the polelin(f) —That is,

if H(f) by itself guarantees the convergence of the warileis case is the transition to stationary
statistics, because the totel(f) filtered noise variance must then be convergeniafdinite bandwidth
system. Furthermore, as mentioned previously, tHe8aitions of jitter and wander ag(t,) andyv,,(t,)

allow these concepts to be generalized to anydfpausal function removal and any variable.
WHAT TO0 DO WHEN THE RESIDUAL ERROR VARIANCE DOES DIVERGE

o2_. can diverge in the presence of neg-p noise wherpthblem being addressed fixes the form of the

v-j
Ve (LA) . In this paper, it is maintained: (a) that suotliveergence is an indication of a real problem in

the design, specification, or analysis of the systmder consideration, and (b) that this real gwbinust
be investigated and fixed, not sidestepped. FrandiBcussions in this paper, it is obvious thathife

filtering properties ofo\z,_j are fixed byv,, y (t,A), the o\z,_j measurement interval T, andl(f) as given

by the system specification (or problem definitiamd design. Thus, such a divergence must indi¢ae:
that something is essentially wrong with the systisign or spec, or (b) that the system is O. Kfduity
analysis generated a perceived (non-essentialjgtimee. For Case (a), the system itself has tdhvaeged
to correct the problem, and for Case (b), the systees not have to be changed to correct the pmble
just the improper analysis.

Phase Lock Loop Cycle Slips
)—® :
RCe>f (pref q)det (pout § .\_/./—\.
Osc (Vo
D= Qour ~ Pes ®

Figure 8. Cycle slips in a*order phase lock loop due t6° noise.

The best way to understand how to deal with suelerdences is to use the specific example of an
essential divergence shown in Figure 8. Here"arter phase lock loop (PLL) is operating using a
reference oscillator withi > phase noise. As shown in the figure, such a PliLogtle slip because of the
f 3 noise [27]. An indication of these cycle slips aags in the linear loop analysis as a divergence in
05 for M=0 (no v, (tA) removal), wherep is defined in Figure 8o diverges in the linear
analysis becauspH (f)|> for a ' order PLL is proportional td? for f <<1 and Kej(f)=1 for M =0,

10
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and this combination of HP orders are not insuffitito overcome thé pole in L,(f). One could
increase M inofﬁ- to resolve the divergence in the linear mode} ((f) Of2 or higher), but this will not

keep the PLL from cycle slipping! Thus, one can #e&t arbitrarily changing the error measure to
eliminate the divergence in the analysis does ngtto solve the actual cycle slipping problem.

One can fix the real problem in two ways. Firste @an change the design and eliminate the cygs sl
altogether. This is accomplished simply by changm@ 2° order PLL, for which|H(f)POf* (f <<1)

[27]. Second, one can allow occasional cycle slsause the system users can tolerate them. Howeve
one must then change the system spec so the pbiasewithout the slips can be properly measureds Th

is accomplished by specifying thaﬁﬂ» is to be measured excluding data containing cglipes, which
effectively changex,;(f) . In addition, one should also include a mean timeycle slip requirement in

the spec to ensure that the cycle slips don’t becamuisance. An example of a non-essential dinesgye
is simply the failure to recognize the HP filteridge to causal extraction 'nrﬁ_j .

RELATING 03y (1) TO 02 WHEN v,y (t,A) ISA POLYNOMIAL

For N =M +1 data points, Appendix B shows that
0y (N=M +1M) =07y (T/M) (24)

when o7_;(N,M) uses the unweighted “unbiased” M§, & (N-M)™ =1) and v,, (t.A) is an(M -1)"
order polynomial. For M=1, (24) is just the welldwmn statement that the Allan variance yat) is the
two-sample variance when(t) is a box-car average over[13][23], that is 05—1 (21). One can also

analytically demonstrate that (24) is true for le2 case. Thus, the Hadamard-Picinbono variance is
equal to of,_j (32 (when RQ(t) is a box-car average ove), that is when frequency offset and drift are

modeled in the causal behavior.

1 O ,J,,,L,%TA’,,\ E ;
g ol

oL . : | |
1 10 100 1K 1 10 100 1K 1 10 100 1K
N> NS “N=M+l N

Figure 9. Errors in LSQF residuals as N is varfeced T and M = 2).

As shown in Figure 9, one can extend (24) to anpbmr of samples by investigating the behavior of
LSQF simulations as N is varied (while T and M rami&xed). In the figure, we've plotted the bidse

form of the residual error deviate indicated RMSv;} (&, = N~1) verses the number of samples N. One
can see from the figure th&Mgv;} does not vary much as N increases frois M +1 to very large
values, especially for neg-p noise. Using this apipnate invariability ofRMSv;} as N is changed, one
can then write

N
N-M

a’_;(N,M) O asm(T/M) (any N) .e5)

11



We also note that one can obtain exact expressiafir to (25) for any specific p by deriving"™\brder
“bias” function relationships in a fashion simil@r those derived by Allan [19] and Barnes [20] fioe

M =1 case. One should note, however, fdr=1, that our bias functions have inherently different
behavior than those of Allan and Barnes. This isabhse we fix both T and (T =Mrt) as N is varied,
while Allan and Barnes fix as N is varied and let the total observation irgke¢Nt) change with N (Allan
and Barnes define T as the time between succegsdamnples, not the total observation interval.). Sihu
our bias functions are very close /(N -M) for all N and p, unlike the Allan-Barnes bias ftions,

which vary widely with p.

From the above, one can see tbé}v, (T/M) can be interpreted as a measure of the MS resatua
oi_j(N,M) for any N whenv,, (t,A) is an (M -1)™ order polynomial. This has several important
consequences, which are discussed as follows:

@) oin (1) can be used to determimé_j(N,M) in residual error problems when, , (t,A) is an(M -7t
order polynomial. ThusgivM (1) and ci_j(N,M) can be viewed as equivalent error measures faethe
problems.

(b) In such residual error problems, there is atgaelvantage in using? ,,(T/M) for oi_j(N,M), because
one need not perform the LQSF and remowg, (t,A) from the raw data in order to generate
o2y (T/M). This is because of the well-known insensitivity @2, (1) to (M-2)" or lower order
polynomial behavior [14] [25]. We further note thag,,(T/M) without v, (t,A) removal remains
equivalent toaﬁ_j(N,M) with such removal even when there is model eifbis is because model error

equally effectso? \, (T/M) and ol ;(N,M).

(c) (25) provides guidance about which ordersoéjv, (1) are appropriate when it is meant to measure
purely random error. The interpretation oﬁM (1) as a measure ocfrﬁ_j(N,M) shows, if one wants
oin (1) to measure only random error whep , (t,A) can't follow the variations inv(t) over T, that
one must remove such causal behavior first. Thisvaégnce ofciM (1) and oi_j(N,M) is only strictly

true only whent =T/M . However, fort decoupled from T/M, one can assume that the spp@@mate
sensitivity applies. Thus, this interpretation exp$ the well-known insensitivity of the Hadamard-
Picinbono variance to frequency drift and the deitsi of the Allan variance to such drift.

(d) Conventional x-jitter as defined in [4][5][6byt without an ad hocg)fis equivalent to the Hadamard-
Picinbono variance of x(t)aZ 3(1) ).

CONCLUSIONS

We have demonstrated thaf, (1), o7_;(N,M), and the MS jitter (without ad hoc filtering) cafi be

viewed as essentially measuring the same typerof. the key to this is the demonstration of thresgor
facts: (a) that a statistically optimal removaltioé causal behavior in the data HP filters the enagisthe
observable residual error, (b) that the order efribise HP filtering is a function of the complgxitf the

12
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model function used to estimate the causal behaarat (c) thatojM(T/M) is a measure odrﬁ_j(N,M)

when the model function used to estimate the caweavior is anM —1)" order polynomial.

Aging Excluded Aging Excl
M| A Varofy Application A Var of x Application
None None
0| MS{y} Synthesizers & MS{x} | Abs time dist
Rel time dist equip equip
y offset 2 x offset
1| Allany |Oscillators (y drift 'I'\;llg{r_rrr}é}//% Synth & rel
in instability) time dist
y ofs & drift Allan x X & y offset
2 Eﬁ:cijr?t;g%gj Oscillators (y drift Jitter 2 | Osc (y drift in
not in instability) [28] instab)
0, 5%(1) is equivalent to .
3 MS oxf x or TIE jitter with time  |Hadamard xgsc():fs( ydc:ir]ltft
& freq offset & freq drift Picinbono | | =71 i?’/]stab)
removed

Table 1. Difference variances of y(t) and x(t) @sidual error variances with aging removed.

Table 1 shows the consequences of interpretingM X 2, and 37, (1) and o7, (1) asos_; and o7,

with aging removed. An important conclusion shownthe table is that low order variances such as
Gi,o(T)’ cil(r), and Oi,O(T) are appropriate for characterizing “random” errorcoherent frequency
synthesizers and coherent time and frequency ldigtoin equipment (excluding the frequency refergnce
This is because uncontrolled time or frequencyetéshat are fixed over the measurement intereapart

of the “random” error that must be considered ircifging such devices; that is, these devices ate n
supposed to have such uncontrolled but fixed cff9@n the other hand, such fixed offsets are gépera
not considered part of the “random” instabilitiesoiscillators, where higher order difference vaszemnare
used, but are modeled as causal error or compens$ateusing PLLsS or other similar techniques.
Therefore, the precision oscillator community uségher order difference variances as measures of
“random” error. This difference in application eapls the dichotomy in the use of variances between
some producers of time and frequency distributigniggment [4] and producers of precision oscillators
[13].

As a final note, consider the difference betwegn, and RMSv;} in Figure 9. The simulations in this
case utilized arH (f) with f, <<f;, so the theoretical wander is effectively divetgéle see from the
figure thato,_,, >RMSv;} Oo,_; (for large N, using (25)). Thus, the observabtereis underestimating
the true function error, as is expected from cate®l LSQF theory. In fact, in running multiple FHig®
simulation sessions, one seegs,, vary widely from run-to-run, whileRMSv;} or o,_; remains stable.
Thus, in order to get a reliable estimate @f_,, over T, one must take data over periods much lotige
T and determine the power law structure of the traise v, (t) (except for the case wheite (f) alone
guarantees convergence afid>f;). Then one can use the formulas in Appendix Astineate the true
expectation average af,_, usingL,(f) accurately determined from the data over the deri® T. This

is where the classic techniques involving the ubdhe modified Allan variance or direct spectral
measurements are invaluable [13]. Thus, the finakkision of this paper is the well-known fact et
PTTI community that one must perform careful analgsid measurements over periods >> T to determine
good estimates of the true causal function errarue residual error when neg-p noise is involvEde
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exception for this is again the case wheigf) alone guarantees convergence §rwelf; . In this case, the
wander is not divergent and tivg(f) is such that the estimate of the causal functiomfdata over T is a
good one.

APPENDIX A. DERIVATION OF THE SPECTRAL KERNELS

In this section, we will derive the kernels,_;(f) and K,_,(f) for o§_j and o2_, and a dual frequency

-W

kernel K,_.(fq,f) for o2_.. For generality, we will let/(t) and v (t) be complex and the weights, be

arbitrary. To generate these kernels, we will finshimize x? the sum of the squares weighted by &he
which can be written in matrix notation as

X2 =<< (v(t)* —ATUT () (v(t) - U(t)A) >> (A.1)
In the above:

(@) A" is the complex conjugate transpose of the M-eléraelumn vectorA = (a,,a,,..ay_,)' (‘isthe
transpose).

(b) U(t") = (ug(t),u (t"),..uy (1)) is an M-element row vector representing the M dé&snctionsu,,(t)
for v, u (t,A) in (6), and we note that,, \, (t,A) in this notation is

Vi (LA) = U(H)A (A.2)

(c) <<...>> s the weighted average over the damap$es (denoted by the dummy time index t'), which,
for the purposes of relating the LSQF to continubasrier transform PSDs, <<...>> is defined as

<< z(t') >>= Eﬁ'p(t')z(t') (A.3

where the density functiop(t) is given by

N-1
pt) =D EB(t-t,) (A.4)

n=0

(d)v(t), vp(t), andv(t) are all assumed to be filtered by the system respéunction kt) as in (5).

In the well-known manner, we differentiagé with respect toA™ to obtain the following LQSF solution

A=Q<<U(t)Tv(t) > (A.5)
Vm (LA) = U(0Q << U(t) Tv(t) >> (A.6)

where
Q =<< (U(t)Tu()) > (A.7)

Using (A.3) and (A.4), one can write (A.6) as
Vi (LA) = Eﬁ'gw (tt)v(t) :Eio% Gy (L F)V(F)H,(F) (A.8)

where: (a) the Greens’ functiam, (t,t') is
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gu (1) = U(HQU(t) p(t) (A.9)
(b)G,,(t,f) is the complex conjugate of the Wigner-Ville speot [29] of g,, (t,t") IS
Gu(t.f) = D efgu(t.t)} = [dte”g,, (t,t) (A.10)
and (c)V(f)H(f) is the Fourier transform eft) is
V(f)H(f) = Og fv(t)} = j};}e‘mv(t) (A.11)

Note thatV(f) alone is the Fourier transform of the time domanable before being convoluted with
h,(t) so thatH(f) is explicitly shown in the right side of (A.8).

We note from (A.2) thav,,  (t,A) is linear inA , and thus the LSQF solutions (A.5) and (A.6) aredr
in v(t) . Therefore, we can write

VW,M (t,A) = VW,M (t,A(p)) + VW,M (th(C)) (A.12)
where

AP =Q<<Ut) v, (1) > A© =Q<<U(t) v (t) >> (A.13)

Using this linear separation, (A.8), and (A.12), ve@ write

Vi (1= Vj,p(t) - Vj,c(t) vy (t) = Vwp (t)+ Vj,c(t)

Vi p(D) + V(1) = vy (1) + v (1) = vp (1) (A.14)
where
g;(Lt)=8(t-1t) =g, (L)  G(t.F) =0 {g;(t.t)} =€ -G, (1) (A.15)
Varp(t) =V (LAP) = J'_Elj'gw (LU)v, (1) = J'_?Dj:? G (LF)V, (F)H(F)
Vi) = Vo0~V (LA ®P) = [t (1 1)v, (€) = [dF 6,6V, (DH(F) (A.16)

Vie(0) = Yy (GAO) =vo (0 = [ g (L0 (1) = =[[d 6, (L )V (DH(F)

and whereV(f) and V.(f) are defined in similar fashion as the definitidn\q(f) in (A.11) (that is,
before hy(t) is applied). We note from (A.14) and (A.16) thgt(t) is the model residual and,,(t) and
vy p(t) are the jitter and wander solely duevg(t) , which add together to produegt) just like the total
jitter and wandew;(t) andyv,,(t).

By taking the ensemble average E{...} of the squdrevggt) and v, (t) from (A.14) and (A.16) and
assumingv,(t) is uncorrelated withv,(t) , one can write

Efl v ()P} =Ell vip O P} + Bl vic () )

) 5 ) (A.17)
Bl viy O =B v p O} +E] v (D13

where
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B Vi ®F) = [ o 16, DHL (NP LD Bl vy OFF =] df G, (L HHLNF Ly(F)

o (A.18)
= vjqc(t)|2:.|‘_ dfgj_ df Lo(f4, )G, (L.F +05f4)G] (¢, —05Fy)H,(f +05f,)H(f ~05y)
with
L) =0 (RO} Lelfg, 1) =0y {0 dRo(tg 0 (A.19)
Ry (1) = E{v,(ty + T/2)V,(ty ~T/2)}  Re(ty,T) = E{v,(ty +T/2v(ty ~1/2)} (A.20)

In the above, isL(fy,f) is the rotated Loeve spectrum [29][30] of(t) given by the double Fourier
transform of the rotated double time autocorrefationction R.(ty,1). The term rotated comes from
writing the lag functionv,(t;)v,(t,) in terms of the “rotationally” transformed glotihe t, = 05(t; +1,)
and local or differential time = (t, —t,) . When v(t) is real, we note that

R, (-1 =R, (1) Re(tg,~T) = R (tg, 1)

Lo(F) =Ly (1) =L\ () Le(fgf)*=Lo(~fo.f)  Lo(fg—f)=L(fg, ) [V(T) real] (A.21)

Gu(tf) =G, (t-f)  G;(tf) =G;(t-f)

If we now integrate (A.18) over t frome to «, we obtain our final result

021 = [A K DIHOP L) 0% =02, +ol
02p = [ KW OHDE L) 02, =02, 40 (A.22)

o2, :j_:dfgj_:df Ky—o(fg.f)HS(F + 05 )H(f —05f ) Lo(fy,f)

Where our kernels are

N-1 N-1
Kusi()= D & 16 (ta) )P Ko (F) =D & 1y (tn, PP
n=0 n=0 (A.23)

N-1
Ku-olfg F) = D &,G; (tn. f +05f()G] (t,, f ~05f,)

n=0

APPENDIX B. VERIFYING THAT ¢;_;(M +1) =6 (T/M)

In this appendix, we will verify that (25) is traenen o\z,_j is the “unbiased” uniformly weighted residual

variance €,, = (N -M)™). To do this, we will show that the stronger atisar
Vi ()= [AT /MM v(t,)IcM,n) /Ay (B.1)

is true by Monte Carlo simulation. One can showljBuarantees (25) by using (12) andl{Bas follows

M M
Or i (M+2) =" [vi(ty)P=IATIMM v(t) P Ay ™D oM n)P
o= = (B.2)

= A T IAT/ MM (t,) P= 02, (TIM)
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(B.1) has been verified by Matlab simulation for npl&i random data sets (runs) upvte=18. Above
this M value, the Matlab LSQF code used ran intecision difficulties in the computation of, \, (t,A).

An example Matlab simulation fav =5 is shown in Table B-1. Thus, one can say that i&)e for any
M with an extremely high confidence because ofdéiiled nature of assertion (5.

Table B-1. Monte Carlo verification of (B). for M = 5.

Run-> 1 2 3 4 5 6
A(T/M)Mv(to) -4.3818 | -20.6668 | -15.3472 | -11.062 | -3.9762 | 7.6004
AwVi(t)/c(M,n)
to -4.3818 | -20.6668 | -15.3472 | -11.062 | -3.9762 | 7.6004
ty -4.3818 | -20.6668 | -15.3472 | -11.062 | -3.9762 | 7.6004
ta -4.3818 | -20.6668 | -15.3472 | -11.062 | -3.9762 | 7.6004
ts -4.3818 | -20.6668 | -15.3472 | -11.062 | -3.9762 | 7.6004
ts -4.3818 | -20.6668 | -15.3472 | -11.062 | -3.9762 | 7.6004
ts -4.3818 | -20.6668 | -15.3472 | -11.062 | -3.9762 | 7.6004

To understand analytically why (B.is true, let us reformulate the notation of Apgi& A into one more
suited for an unweighted LSQF. Let us define th#ofdng N=M+1 element column vectors

(n=0toM): C, =c(M,n), V, =v(t,), Vi, =v,(t,), andV,, =v, y(t,,A) =UA , whereU, , =t (M+1
rows for index n and M columns for index=0to M -1). We also note that (12) can be written as
ATIMMy(t,)=C'V and (B1) becomes

V;=V-V, =CC'V/Ay (B.3)

where\,, in (14) becomes
Ay =ClC (B.4)

and x? from (A.1) becomes
X2 =V,'v; =(vT -ATUT)(V - UA) (B.5)

Re-generating the LSQF solution by taking the deive of (B.5) with respect ta", we obtain
u'v,=U"(v-UA)=0 (B.6)
which yields the unweighted LSQF solution
V,, =UQU'V (B.7)
where Q' =uU'u.

If we insert (B.3) into (B.6), we obtain
ufccv =0 (B.8)

and note that this must be true as a necessaryjtioonir (B.3) to be the LSQF solution. To shovisthwe
note from (12) that'c =0 as follows

M+1 M-1
ufc= ZUn,mc(M n) = ZC(M MM =AmMtIt =0 (B.9)

n=1 n=1
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because the Morder difference of an (M-T)order or less power of t is zero [14]. Thus, (Bs&lisfies this
necessary condition with any arbitraxy, . Multiplying (B.6) by A" yields the well-known orthogonality
principal for an LSQF, which states that the realderror V; is orthogonal to the estimated functigp.

Thus, (B.9) states thal is also orthogonal t&/,,, which explains why (B.3) is an LSQF solution,cgn

cc'vin (B.3) is the projection of/ in the C direction. From (B.3) and (B.7), we also note tatcan
write

uQu =1-cc'/a,, (B.10)

which is useful in simplifying the calculations ftire spectral kernels in Appendix A for the unwéagh
N =M +1 LSQF case.

In trying to analytically prove thah,, =C'C must be the unique LQSF solution, some mathentatica

difficulties were encountered by the author. Thasest be resolved before developing a general acallyt
proof of (B.3). Therefore, for now, one must rety Monte Carlo simulations to verify that (B.or (B.3)
is true.
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