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ABSTRACT  

Two types of random error measures are utilized by the 
navigation community. Observable residual error (R) 
variances are used in geolocation to characterize the mean 
square (MS) error of data from a trajectory estimate 
generated from the data itself. On the other hand, M th 
order difference (∆) variances, such as Allan and 
Hadamard variances, are used in time and frequency 
(T&F) source characterization to determine the MS of the 
M th order difference of data over a separation interval τ. 
∆-variances are used in this capacity because they have 
excellent convergence properties for the negative power 
law (neg-p) noise present in T&F sources, while R-
variances are not known for such properties. When neg-p 
noise is present in geolocation problems, it would be 
desirable to use ∆-variances as measures of residual error. 
This paper shows that ∆-variances can indeed be used in 
this capacity under certain conditions, principally when 
the model function used estimate the trajectory is an 

th)1M( −  order polynomial. It is also shown that R-

variances share the good convergence properties of ∆-
variances when neg-p noise is present, even when the ∆-
variances can’t be used to represent residual error. It is 
further shown that the convergence properties of R-
variances are a function of the complexity of the model 

function used. Therefore, R-variances are guaranteed to 
converge in the presence of neg-p noise if one is free to 
choose the model function. 
 
INTRODUCTION 

Two types of random error measures are utilized in the 
navigation community: Observable residual error (R) 
variances and Mth order difference (∆) variances. R- 
variances are used in geolocation, and also other areas, to 
statistically characterize the residual error of measured 
data from a trajectory, or any other causal function, 
imbedded in the data )t(x n , as is shown in Figure 1 

[Wolberg, 1967]. Observable R-variances, which are the 
types we will discuss, are given by various mean square 
(MS) statistics of the residual error after removing an 
estimate of the causal trajectory from position, range, or 
time data )t(x n  [Reinhardt, 2007-2]. These R-variances 

are often called standard variances or MS (RMS) errors 
[Wolberg, 1967], but we will use the neutral term R-
variances to avoid confusion with conflicting definitions 
or connotations.  
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Figure 1. Residual error from an estimated trajectory. 

 ∆-variances [Reinhardt, 2007-1], such as Allan [Allan, 
1966; Std 1139, 1999] and Hadamard [Baugh, 1971] or 
Picinbono [Gagnepain, 1998] variances, on the other 
hand, are used to characterize time and frequency (T&F) 
source error, because of their good convergence 
properties in the presence of the negative power law (neg-
p) noise that these sources generate. ∆-variances are given 

by various MS statistics of )t(x)( n
Mτ∆  the Mth power of 

the forward difference operator )(τ∆  over an interval τ 

operating on the data )t(x n . )(τ∆  is defined by 

[Reinhardt, 2007-1; Reinhardt, 2007-2] 

 )t(x)t(x)t(x)( −τ+≡τ∆  (1) 
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Note that )t(x)(τ∆  is just the time interval error (ITE) 

over  τ when )t(x  is the time error [Std 1139, 1999]. The 

first two orders of )t(x)( n
Mτ∆  are pictured in Figure 2. 
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Figure 2. 1st and 2nd order differences over the interval τ. 

By neg-p noise, we mean wide-sense stationary but 
divergent x(t) noise with a single sideband (SSB) power 
spectral density (PSD) given by [Std 1139, 1999; 
Reinhardt, 2007-1] 

 )0p(f)f(L p
x <∝  (2) 

We note that )f(L x  is defined for this paper as 

 ∫
+∞

∞−

ωτ−
τ ττ≡τℑ= )(Red)}(R{)f(L x

j
x,fx  (3) 

 
where )(Rx τ  the autocorrelation function for a wide-

sense stationary real process x(t) is given by [Scharf, 
1998] 

 )}2/t(x)2/t(x{E)(Rx τ−τ+=τ   (4) 

E{..} is the ensemble average, and f2π=ω . We also note 
that the double-sideband PSD )f(Sx  used in many T&F 

works [Std 1139, 1999], not the SSB PSD )f(L x used in 

this paper.  

One can show that Mth order ∆-variances highpass (HP) 
filter )f(L x  with a 2Mth order zero at f=0 [Reinhardt, 

2007-1]. This guarantees that an Mth order ∆-variance will 
converge for poles in )f(L x  up to order M2p =− . Thus 

the Allan variance, which is proportional to the 2nd order 
∆-variance of x(t), is guaranteed to converge for 4p −≥  

and the Hadamard variance, which is proportional to the 
3rd order ∆-variance of x(t), is guaranteed to converge for 

6p −≥  [Reinhardt, 2007-1]. 

The common wisdom is that R-variances do not have 
good convergence properties in the presence of neg-p 
noise. However, such variances are the proper statistical 
measures of geolocation error regardless of any 
convergence difficulties, because they properly address 
the statistical questions being posed. Thus, it would be 
desirable if ∆-variances could be also used as measures of 
MS residual error in geolocation problems when neg-p 

noise is present. In this paper, we will demonstrate that 
this indeed can be done under certain conditions, where 
the most important condition is the use of an (M-1)th order 
polynomial as the model function to estimate the 
trajectory. 

Because of this conditional equivalence between R and ∆ 
variances, one would expect residual error variances to 
have convergence properties similar to those of their ∆ 
variance counterparts. In the second part of this paper, we 
will demonstrate that this is indeed true and is true under 
conditions much more general than those required for the 
equivalence between R and ∆ variances. We will 
demonstrate that the very process of fitting a model 
function to data necessarily HP filters the noise in the 
observable residual error under very general conditions. 
We will also demonstrate that the order of this HP 
filtering is a function of the complexity of the model 
function used to estimate the trajectory. Therefore, R-
variances are guaranteed to converge in the presence of 
any order of neg-p noise, if one is free to choose the 
model function used for the estimation process.  
 
RESIDUAL ERRORS IN SIMPLIFIED 
GEOLOCATION 
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Figure 3. Simplified geolocation problem. 

Figure 3 shows the simplified (post hoc) geolocation 
problem we will use for our discussion. Here we start 
with N data samples )t(x n  distributed uniformly over a 

total observation time  

 oNT τ=  (5) 

where τo is the sampling interval. We will assume the data 
is given by 

 )t(x)t(x)t(x npncn +=  (6) 

where )t(x nc  is the true trajectory that we wish to 

estimate and )t(x np  is the true noise.  

We will further assume that the continuous process )t(x  

corresponding to the data samples )t(x n  (and thus )t(xc  
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and )t(xp ) has been pre-filtered by a system response 

function )f(Hs  [Reinhardt, 2006]. )f(Hs  is given by 

)}t(h{ ct,fℑ  such that  

 )'t(x)'tt(hdt)t(x ins −= ∫
+∞

∞−
 (7) 

where )t(x in  is the variable prior to system filtering. 

More will be said about )f(Hs  later. 

To solve our simplified geolocation problem, we want to 
estimate )t(x nc  by fitting a model function ),t(x M,w A  

containing M adjustable parameters )a,...a,a( 1M10 −=A  

to the N data samples )t(x n . For this paper, the fitting 

process, in general, is not specified, Thus, it can be a 
uniformly of non-uniformly weighted least squares fit 
(LSQF) [Wolberg, 1967], a Kalman filter [Sorenson, 
1966; Brown, 1983], etc. Also, some of the important 
results in this paper will be independent of the specific 
fitting process chosen. 

The observable residual error from such a fit is thus  

 ),t(x)t(x)t(x nM,wnnj A−=  (8) 

Two statistical error measures that can be formed from 
)t(x nj  are as follows. The most detailed measure is 

})t(x{E 2
nj  the ensemble MS residual error at the point 

)t(x n , which we will call its point variance.  This is 

strictly not an observable error measure, since one can 

only determine a single 2
nj )t(x  from a single data set, 

but one can determine the properties of })t(x{E 2
nj  from 

knowledge of )f(L x  and statistically apply it to direct 

observations. A less detailed measure is average variance 
of )t(x nj  over the data given by  

 ∑
−

=
− ξ=σ

1N

0n

2
njn

2
jx })t(x{E  (9) 

where the weights nξ  are generally determined by the 

weighting used in the fitting process. Here again, the 
ensemble average E{…} is used for the purposes of later 
analysis, but the observable statistic would be the above 
without the E{…}. 

Another type of error that is not observable, but is the 
ultimate error one wishes to determine, is the true 
function error is given by  

 )t(x),t(x)t(x ncnM,wnw −= A  (10) 

The statistical measures formed from )t(x nw  that we will 

discuss are its point variance })t(x{E 2
nw  and its average 

variance  

 ∑
−

=
− ξ=σ

1N

0n

2
nwn

2
wx })t(x{E  (11) 

We again note that })t(x{E 2
nw  and 2

wx−σ  are the true 

but non-observable measures of the accuracy of the fit. 
 
∆∆∆∆-VARIANCES AS MEASURES OF RESIDUAL 
ERROR 

For this paper, we define the ∆ variance of )t(x n  as 

[Reinhardt, 2007-1] 

 ∑
−−

=

−− τ∆−λ=τσ
1MN

0n

2
n

M11
M

2
M,x })]t(x)({[E)MN()(  (12) 

where the normalization 

 ∑
=










−
=λ

M

0m

2

M )!mM(!m

!M
 (13) 

is designed to make all M-orders of )(2
M,x τσ  equal for 

uncorrelated white ( 0p = ) noise. The arithmetic average 

in (12) is called an overlapping average [Std 1139, 1999] 

and is only one way to form statistics of 2
n

M )]t(x)([ τ∆ . 

Other arithmetical averaging techniques, which will not 
be addressed here, are total or modified averages [Std 
1139, 1999]. 

For 1MN +=  data points, one can prove that [Reinhardt, 
2007-2] 

 ]1[)M/T()M,1MN( 1
n

2
M,x

2
jx =ξσ=+=σ −

−  (14) 

under the conditions listed in Table 1. 
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Table 1. Conditions for equivalence of )M/T(2
M,xσ  

and 2
jx−σ . 

(a) A uniformly weighted least squares fit (LSQF) over T 
is used to determine A in ),t(x M,w A . 

(b) ),t(x M,w A  is an th)1M( −  order polynomial with M 

coefficients A . 

 (c) 2
jx−σ  uses the “unbiased” uniform weighting  

coefficients MN1
n −=ξ−  . Note that 1n =ξ  for 

1MN +=  and that “unbiased” is in parentheses because 
this statistic is only unbiased for uncorrelated white noise 
(p=0). 

For M=2, (14) is just the well-known fact that the Allan 
variance of )t(x  is proportional to the uniformly 

weighted 3-sample R-variance of )t(x n  when LSQF 

estimates of the time and frequency offsets are removed 
from the data [Allan, 1966]. Similarly, for M=3, (14) 
states that the Hadamard variance of x(t) is proportional 
to the 4-sample uniformly weighted residual variance of 

)t(x n  when LSQF estimates of the time and frequency 

offsets plus the frequency drift are removed from the data. 
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Figure 4. Errors in LSQF residuals as N is varied. 

As shown in Figure 4, one can extend the relationship 

between 2
jx−σ  and )M/T(2

M,xσ to any N by noting that 

the biased uniformly weighted form of jx−σ  ( N1
n =ξ− ), 

which we’ll designate }x{RMS j  to avoid confusion with 

the “unbiased”  ( )MN1
n −=ξ−  2

jx−σ , doesn’t vary much 

with N. One can see from the figure that this is especially 
true for neg-p noise. We note here that N is being varied, 
but T is not. Setting this variation to zero, one can write 
the following approximate equality for any N 

 ]MN[)M/T(
MN

N
)N( 1

n
2

M,x
2

jx −=ξσ
−

=σ −
−  (15) 

We note that one can obtain exact expressions similar to 
(15) for any specific p by deriving Mth order “bias” 
function relationships in a fashion similar to those derived 
by Allan [Allan, 1966] and Barnes [Barnes, 1971] for the 
Allan variance. One should note, however, that our bias 
functions have inherently different behavior from those of 
the Allan and Barnes bias functions because we fix both T 
and τ ( τ= MT ) as N is varied, while Allan and Barnes 
fix τ as N is varied and let the total observation interval 
Nτ change with N. (Allan and Barnes define T as the time 
between successive samples, not the total observation 
interval.) Thus, our bias functions are very close to 

)MN/(N −  for all p, unlike the Allan-Barnes bias 

functions, which have very different forms for different p.  

From the above, one can see that )M/T(2
M,xσ can be 

interpreted as a measure of the MS residual error 

)M,N(2
jx−σ  for any N when the conditions of Table 1 are 

met. This has several important consequences as follows: 

(a) )M/T(2
M,xσ  and )M,N(2

jx−σ  are equivalent error 

measures when Table 1 conditions are met, and 

)M/T(2
M,xσ  can be used for )M,N(2

jx−σ  in geolocation 

problems under these conditions. 

(b) When a non-uniformly weighted fit over T is used to 

generate ),t(x M,w A , )M/T( eff
2

M,xσ  should be a good 

approximate  measure of )M,N(2
jx−σ . (This has not been 

verified quantitatively.) Here, Teff is a suitably defined 
correlation length for the non-uniform fit weighting over 
T. This approximation should also hold for Kalman 
filters, since a Kalman filter is equivalent to a LSQF 
under certain circumstances [Sorenson, 1966] and is also 
a least squares estimator [Brown, 1983].  

(c) The advantage in using )M/T( eff
2

M,xσ  to estimate 

)M,N(2
jx−σ  in geolocation problems is that one need not 

perform the fit or remove  ),t(x M,w A  from the raw data 

for )M/T( eff
2

M,xσ . This is due to the well-known 

insensitivity of )(2
M,x τσ  to th)1M( −  or lower order 

polynomial behavior [Reinhardt, 2007-1].  This holds 
whether ),t(x M,w A  is a good model function for )t(xc  

or not, because the residual error due to poor modeling of 

)t(xc  by ),t(x M,w A  will effect both )M/T( eff
2

M,xσ  and 

)(2
M,x τσ  equally. 

(d) The equivalence of  )M/T(2
M,xσ  and )M,N(2

jx−σ  

explains the well-known insensitivity of the Hadamard 
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variance to frequency drift (2nd order polynomial 
coefficient of the time error) and the sensitivity of the 
Allan variance to such drift (because the equivalent 

)2,N(2
jx−σ  doesn’t model frequency drift). 

 
THE HIGHPASS FILTERING OF NOISE IN THE 
OBSERVABLE RESIDUAL ERROR 
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Figure 5. Simulated fit solutions for various p values. 

In this section, we will demonstrate that the estimation of 
)t(xc  from data using the model function ),t(x M,w A  HP 

filters the noise in the residual error under very general 
conditions. We will first demonstrate this graphically and 
then formally prove the assertion. For the graphical 
discussion, consider Figure 5, where we show fit solutions 
for various power law noise indices p (and a large N). For 

0p =  (white noise), one can see that the solution behaves 

in the classical manner [Wolberg, 1967], with ),t(x M,w A  

closely tracking )t(xc . Using fitting theory for 

uncorrelated noise [Wolberg, 1967], one can show that 

)t(x),t(x cM,w →A  ( 0wx →σ − ) as ∞→N  so long as 

the bandwidth of the data is such that the data samples 
remain uncorrelated for all values of N. 

For 4and2p −−=  (neg-p noise), however, one can see 

from the figure that there are significant systematic long-
term deviations in ),t(x M,w A  from )t(xc . These are due 

to the highly correlated nature of neg-p noise. In fact, 
using fitting theory for correlated noise, one can show that 
these deviations will remain non-zero as ∞→N ,  
because the fit cannot distinguish highly correlated low 
frequency (LF) noise components from the causal 
behavior )t(xc . We will later show that the transition 

Fourier frequency Tf  at which this tracking occurs is 

approximately T/1  for a uniformly weighted fit over T 
and approximately effT/1  for a non-uniformly weighted 

fit over T, where Teff is a suitably defined correlation 
length. Again, we note that T is fixed as N is varied for 
this discussion.  

Thus, ),t(x M,w A  tracks the LF components in the noise 

with Tff ≤ , and this causes )f(L x  to be HP filtered in 

})t(x{E 2
j  and 2

jx−σ , with a highpass (HP) cut-off knee at 

Tf . One should point out that this LF tracking also occurs 

for white noise but is only apparent for neg-p noise. The 
effect stands out for neg-p noise because virtually all the 
power for neg-p noise is in Fourier components less than 
fT (for any value of T), while for uncorrelated white noise, 
the power in the noise components below fT is small for 
large T. 

When the fitting process is linear in the data, one can 

write spectral representations for })t(x{E 2
nj  and 2

jx−σ  as 

(see Appendix A) 

 
}|)t(x{|E

)f(L|)f(H)f,t(G|df}|)t(x{|E

2
c,j

x
2

sj
2

j

+

= ∫
+∞

∞−  (16) 

 2
x-cxx-j

2
s

 

0 

2
x-j σ(f)(f)LK(f)|H|df2σ += ∫

∞
 (17) 

First, we note the presence of 2
s |)f(H|  in (16) and (17). 

)f(Hs  represents the effects of filtering by a system on 

x(t) as given by (7) [Reinhardt, 2006]. )f(Hs  is generated 

both by actual filters in the system and by topological 
structures such as phase lock loops [Reinhardt, 2006]. 

2
s |)f(H|  here replaces the simple LP cut-off hf  used in 

previous formulations of the spectral integral [Std 1139, 
1999] and is a more accurate representation of a system’s 
specific filtering properties than hf . 

The importance of using )f(Hs  in (16) and (17) is that it 

can be shown to have HP as well as LP behavior for many 
types of systems [Reinhardt, 2006]. This HP filtering 

helps both })t(x{E 2
j  and 2

jx−σ  to converge in the 

presence of neg-p noise and by itself can ensure the 
convergence of these error measures when certain values 
of neg-p noise are present [Reinhardt, 2006]. 

HHss(f(f) for 2) for 2 --Way RangingWay Ranging

x

~ D ττττd
x(t) x(t- ττττd)

|Hs(f)|2 = 4sin 2(ππππfττττd) ∝∝∝∝ f 2 (fττττd <<1)

Xponder

 
Figure 6. Delay system response function. 

A classic example of such an )f(Hs  is that generate by 

the 2-way ranging topology shown in Figure 6 [Reinhardt, 
2006]. This well-known response function arises because 
the ranging signal is mixed with a delayed version of 

itself. One can show that )f(sin4|)f(H| d
22

s τπ=  for such 

a system [Reinhardt, 2006], which has a 2nd order zero at 
f=0. Thus this )f(Hs  suppresses poles in )f(L x  at f=0 up 

to order 2p =− . 
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)f,t(G j  in (16) comes from the fitting process used to 

determine ),t(x M,w A . To explain how this )f,t(G j  is 

generated, consider the following. (For more detail, see 
Appendix A and [Reinhardt, 2007-2].) When the 
trajectory fitting process is linear in the data, the solution 
can be represented in terms of a Green’s function 

)'t,t(gw as  

 )'t(x)'t,t(g'dt),t(x wM,w ∫
+∞

∞−
=A  (18) 

where )t(x  is the continuous process that equals )t(x n  at 

ntt = . Here, we’ve written )'t,t(gw  as a continuous 

function of t’ so that we can write (16) in terms of the 
continuous PSD )f(L x . We note that this )'t,t(gw  can 

be written in terms of the discrete sample solution 
Green’s function )t,t(g nN,w  as 

 )tt()t,t(g)'t,t(g nnN,w

1N

0n
w −δ=∑

−

=

 (19) 

Using the properties of the Fourier transform, one can 
show that (18) can also be written as 

 )f(H)f(X)f,t(Gdf),t(x swM,w ∫
+∞

∞−
=A  (20) 

where )}t(x{)f(X int,fℑ= , )t(x in  is the data process 

before filtering by the system response function )f(H s  

and where )f,t(Gw  is the Wigner-Ville spectrum (for –f) 

[Scharf, 1998] of )'t,t(gw  given by 

)}'t,t(g{)f,t(G w't,fw −ℑ= .  

 )f,t(G j  in (16) is then given in terms of )f,t(Gw  by 

(See Appendix A) 

 )f,t(Ge)f,t(G w
tj

j −= ω  (21) 

From 2
j |)f,t(G| , one can also form )f(K jx−  in (17) by 

averaging 2
j |)f,t(G| over t (see Appendix A). 

Let us now prove that 2
j |)f,t(G|  (and thus )f(K jx− ) has 

HP filtering properties for the general conditions given in 
Table 2. 

Table 2. Conditions for HP filtering behavior in 
observable residual errors 

(a) The fit solution is linear in the data )t(x n .  

(b) 0)t(x nj =  for the fit solution when there is no noise 

and ),t(x)t(x M,wc A= .  (We note that the fit can be non-

uniformly or uniformly weighted over T and can be a 
Kalman filter, LSQF, etc.) 

To demonstrate the HP filtering of 2
j |)f,t(G|  under these 

conditions, let us first write )t(x n  as 

 )t(x)t(x)t(x ncnf
f

n +=∑  (22) 

where we have decomposed )t(x np  into single-frequency 

noise components ft2j
ff eX)t(x π= .  Because of the 

linearity of the fit solution, we can write the total solution 
),t(x M,w A  as  

 )t(x)t(x)t(x )c(
M,w

)f(
M,w

f
M,w A,A,A, +=∑  (23) 

where )t(x )f(
M,w A,  is the fit solution when )t(x nf is 

the sole input data and )t(x )c(
M,w A,  is the fit solution 

when )t(x nc  is the sole input data. Because the spectral 

noise components )t(x f  for a wide-sense stationary noise 

process are uncorrelated with each other [Davenport, 
1987] and with )t(x nc , from (23), we can write 

 }|)t(x{|E}|)t(x{|E}|)t(x{|E 2
ncj

f

2
nfj

2
nj −− +=∑  (24) 

where 

 
),t(x)t(x)t(x

),t(x)t(x)t(x

)c(
nM,wncncj

)f(
nM,wnfnfj

A

A

−=

−=

−

−
    (25) 

Thus, since (16) is just the infinitesimal limit of (24), the 

noise filtering properties of 2
j |)f,t(G|  in (16) can be 

determined by demonstrating the noise filtering properties 

of each })t(x{E 2
nfj− term separately. 

To do so, let us expand ft2j
f eX π  using the well-known 

Taylor Theorem as 



Victor S. Reinhardt, “On Difference Variances as Residual Error Measures in Geolocation,” Institute of Navigation 2008 National 
Technical Meeting, January 28-30, 2008, San Diego, CA, USA. 

 Page 7 

 

!M

))t't(f2j(
X

!k

))tt(f2j(
eX)t(x

M
0

f

k
0

1M

0k

ft2j
ff

0

−π+

−π= ∑
−

=

π

 (26) 

where t’ is somewhere in ]t,t[ 0  and t0 is the beginning of 

the observation interval. If )t(x f  were given only by the 

right hand finite sum term in (26), the residual error 

)t(x nfj− , and hence })t(x{E 2
nj , would be zero when 

),t(x M,a A  is an (M-1)th order polynomial because of 

Table 2 property (b). Thus, when the Taylor series 

converges, the value of })t(x{E 2
nj  must be proportional 

to the square of the right most term in (26), which is 

proportional to M2f .  Therefore, we must have  

 
]polynomialorder)1M(),t(x[

)1ffor(f|)f,t(G|

th
M,a

M22
j

−=

<<∝

A
 (27) 

assuming the Taylor series converges for small enough f. 
Similarly, for arbitrary ),t(x M,a A  with a DC term ao, one 

must have 

 
]TermDChas),t(x[

)1ffor(1mf|)f,t(G|

M,a

m22
j

A

<<≥∝
 (28) 

because this is covered by the M=1 case for (27). Finally, 
(27) and (28) also apply to )f(K jx−  because it is formed 

by averaging 2
j |)f,t(G|  over t (see Appendix A). 

Figure 7 shows a Matlab simulation of )f(K jx−  for a 

polynomial ),t(x M,w A  with 5to1M = , 1000N = , and 

a uniformly weighted LSQF. This verifies that )f(K jx−  

has the HP filtering properties given by (27) and 
demonstrates that the HP knee fT is approximately at 1/T 
for a uniformly weighted fit. Figure 8 shows a similar 
simulation for a non-uniformly weighed LSQF. This also 
verifies that )f(K jx−  has the HP filtering properties given 

by (27) and demonstrates that the HP knee fT is 
approximately at 1/Teff for a non-uniformly weighted fit. 

We finally note that (27) proves that })t(x{E 2
nj  and 

2
jx−σ  are guaranteed to converge for any neg-p value, if 

one is free to chose the form of ),t(x M,w A , because one 

can choose a polynomial of any order. 
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Figure 7. )f(K jx−  in dB for  (M-1)th order polynomial 

),t(x M,w A  and a uniformly weighted LSQF. 
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Figure 7. )f(K jx− in dB for  (M-1)th order polynomial 

),t(x M,w A  and a non-uniformly weighted LSQF. 

As a final topic, we note from (8) and (10) that we can 
write 

 )t(x)t(x)t(x nwnjnp +=  (29) 

Thus, })t(x{E 2
nw  and 2

wx−σ  must lowpass (LP) filter 

)f(L x , because )t(x nw  is the complement of )t(x nj  

with respect to the total noise )t(x np . In Appendix A, 

spectral integrals for })t(x{E 2
nw , 2

wx−σ , })t(x{E 2
ncj− , 

and 2
cx−σ   are also derived.  

 
CONCLUSIONS 

We have shown that )M/T(2
M,xσ  is equivalent to 2

jx−σ  

when the conditions of Table 1 are met. Furthermore, if 
we relax the uniform weighting condition (a), 
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)M/T( eff
2

M,xσ  should still be a good approximate 

measure of 2
jx−σ . Thus, 2

M,xσ  can be used as an exact or 

approximate measure of residual geolocation problems 
when the fit function is a polynomial. 

Under the very general conditions of Table 2, we have 
also shown that the estimation of the trajectory in a 

geolocation problem causes })t(x{E 2
nj  and 2

jx−σ  to 

have noise HP filtering properties that are a function of 
the complexity of the model function ),t(x M,w A . This 

means that })t(x{E 2
nj  and 2

jx−σ  are guaranteed to 

converge if one is free to choose the form of ),t(x M,w A .  

− True
Function
Errors 

− Observable
Residuals

ffTT

ff
ff ll ffhh

ff
ffTT ff ll ffhh

fT from trajectory est
f l & f h from H s(f)

− True
Function
Errors 

− Observable
Residuals

ffTT

ff
ff ll ffhh

ff
ffTT ff ll ffhh

fT from trajectory est
f l & f h from H s(f)  

Figure 8. Noise filtering properties of the observable 
residual error and the true function error. 

Figure 8 summarizes the noise filtering properties of the 

observable residual error measures })t(x{E 2
nj  and 2

jx−σ  

and the true function error measures })t(x{E 2
nw  and 

2
wx−σ . As shown in the figure, the trajectory fitting 

process causes })t(x{E 2
nj  and 2

jx−σ  to be HP filtered 

and })t(x{E 2
nw  and 2

wx−σ  to be LP filtered with a knee 

frequency Tf . As is also shown in the figure, )f(Hs  

filters all error measures equally, since )f(Hs  has the 

same effect on all variables. This )f(Hs filtering is shown 

parametrically using an HP knee fl and a LP knee fh.  

The right side of Figure 8 shows that })t(x{E 2
nw  and 

2
wx−σ  will disappear as ∞→T  ( Tl ff >> ), if the HP 

order of )f(Hs  is sufficient by itself to overcome the pole 

in )f(L x  at f=0; that is, if )f(Hs  guarantees the 

convergence of })t(x{E 2
nw  and 2

wx−σ . This case is the 

transition to stationary but correlated statistics. Under 

these conditions })t(x{E 2
nw  and 2

wx−σ  become 

measures of the true data errors when Tl ff << . However, 

when )f(Hs  is not sufficient to make })t(x{E 2
nw  and 

2
wx−σ  converge, })t(x{E 2

nj  and 2
jx−σ  will never be 

measures of the true error even though they themselves 
converge.  

Applying the above to the GPS system, one confirms 
well-known wisdom about the behavior of error measures 
and gains new insights. First, the above confirms that 

})t(x{E 2
nj  and 2

jx−σ  obtained from local receiver (Rx) 

data over small T are only measures of the consistency of 
the data, not its accuracy. Second, the convergence of 
these local error measures in the presence of neg-p noise 
is a function of the complexity of the local trajectory 
models used. Third, one can view the operation of the 
control segment as a phase lock loop )f(Hs  with an HP 

cut-off GPSl T/1f =  that is sufficient to make 

})t(x{E 2
nw  and 2

wx−σ  converge in the presence of neg-

p noise. (That is, the system variables are internally 
convergent because they are tied to fixed ground sites, 
regardless of any divergences in the GPS time scale as a 

whole.) Because of this, })t(x{E 2
nj  and 2

jx−σ  will be 

measures of the true errors for GPSTT >> . 

 
APPENDIX A. MODELING THE SPECTRAL 
RESPONSE OF TRAJECTORY ESTIMATION 
FROM DATA 

When the trajectory fitting process is linear in the data 
)t(x n , it was pointed out that, the solution ),t(x M,w A  

can be represented in terms of a Green’s function 
)'t,t(gw  as given by (18). ),t(x M,w A  was also written in 

terms of )f,t(Gw , )f(H s , and )}t(x{)f(X int,fℑ= , 

where )t(x in  is given by (7), and ),t(x M,w A  is given by 

(20). Because of the linearity of the solution, we can 
decompose )t(x nj  given by (8) and )t(x nw  given by 

(10)  into )t(x np,j , )t(x np,j  , and )t(x c,j as  

 
)t(x)t(x)t(x

)t(x)t(x)t(x

c,jp,ww

c,jp,jj

+=

−=
    (A.1) 

where (a) 

 

)f(H)f(X)f,t(Gdf

)t(x),t(x)t(x

)f(H)f(X)f,t(Gdf

),t(x)t(x)t(x

)f(H)f(X)f,t(Gdf),t(x)t(x

scj

c
)c(

M,wc,j

spj

)p(
M,wpp,j

spw
)p(

M,wp,w

∫

∫

∫

∞+

∞−

∞+

∞−

+∞

∞−

−=

−=

=

−=

==

A

A

A

 (A.2) 

(b) ),t(x )c(
M,w A  is the solution when only the causal 

trajectory )t(xc  is present,  
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(c) ),t(x )p(
M,w A  is the solution when only the true noise 

)t(xp  is present,  

(d)   

 
)f,t(Ge)}'t,t(g{)f,t(G

)'t,t(g)'tt()'t,t(g

w
tj

j't,fj

wj

−=ℑ=

−−δ=
ω

−
 (A.3)   

 
and (e)  

 )t(x)t(x)t(x)t(x)t(x Pjwp,jp,w =+=+  (A.4) 

By taking the ensemble average E{…} of the square of 
)t(x j  and )t(xw  and assuming )t(xp  is uncorrelated 

with )t(xc , one can write 

 
})t(x{E})t(x{E})t(x{E

})t(x{E})t(x{E})t(x{E

2
c,j

2
p,w

2
w

2
c,j

2
p,j

2
j

+=

+=
 (A.5) 

where  

)f5.0f(H)f5.0f(H

)f5.0f,t(G)f5.0f,t(G

)f,f(Ldfdf)t(x{E

)f(L|)f(H)f,t(G|df})t(x{E

)f(L|)f(H)f,t(G|df})t(x{E

g
*
sgs

g
*
jgj

gcg
2

c,j

x
2

sw
2

p,w

x
2

sj
2

p,j

−+⋅

−+⋅

=

=

=

∫∫

∫

∫

∞+

∞−

∞+

∞−

∞+

∞−

+∞

∞−

 (A.6)  

with 

 
)}},t(R{{)f,f(L

)}(R{)f(L

gc,ft,fgc

p,fx

gg
τℑℑ=

τℑ=

τ

τ
 (A.7) 

 
)}2/t(x)2/t(x{E),t(R

)}2/t(x)2/t(x{E)(R

gcgcgp

gpgpp

τ−τ+=τ

τ−τ+=τ
 (A.8)  

In the above, is )f,f(L gc  is the “rotated” Loève spectrum 

of )t(xc  given by the double Fourier transform of the 

double time autocorrelation function ),t(R gc τ , written in 

terms of the “rotationally” transformed global time 
)tt(5.0t 21g +=  and local or differential time 

)tt( 11 −=τ  [Scharf, 1998; Cohen, 1995].   

If we now integrate (A.6) over t, we obtain  

 
2

cx
2

p,wx
2

wx

2
cx

2
p,jx

2
jx

−−−

−−−

σ+σ=σ

σ+σ=σ
 (A.9) 

with 

)f5.0f(H)f5.0f(H

)f,f(L)f,f(Kdfdf

)f(L|)f(H|)f(Kdf

)f(L|)f(H|)f(Kdf

g
*
sgs

gcgcxg
2

cx

x
2

swx
2

p,wx

x
2

sjx
2

p,jx

−+

=σ

=σ

=σ

−
∞+

∞−

∞+

∞−
−

−
∞+

∞−
−

−
+∞

∞−
−

∫∫

∫

∫

 (A.10) 

)f5.0f,t(G)f5.0f,t(G)f,f(K

|)f,t(G|)f(K

|)f,t(G|)f(K

gn
*
jgnj

1N

0n
ngcx

2
nw

1N

0n
nwx

2
nj

1N

0n
njx

−+ξ=

ξ=

ξ=

∑

∑

∑

−

=
−

−

=
−

−

=
−

 (A.11) 
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