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Abstract— Most variances of the time error x(t) used in indistry
can be written as Oi,M (t) M™ order difference variances of x(t)

over the interval T or their finite sample statistics. Oin is

normalized so all M-orders are equivalent when x(t)consists
solely of white-x noise. However, all M-orders ar@ot equivalent
when negative power law (ne@®) noise is present, and the

guestion arises as to which order 0’0>2<’M is most appropriate to
use in a given problem. The paper shows thabi,\,I can be

interpreted as an approximate measure obe the variance of

the residual error after an (M-1)" order polynomial Xam (LA)
with adjustable coefficients A is removed from x(t)by least
squares fitting X,y (t,A) to samples of x(t) over the interval

T=Mrt. This Oim
objective rationale for choosing the appropriate Merder of

O'iM based on the order of thex,; (t,A) removed from x(t)

interpretation of then provides an

in the problem addressed. It is further noted thatx  (t,A)

can represent either a causal aging function or mer generally a
polynomial representation of any causal informationextracted
from x(t). The aging interpretation explains the sasitivity of

Allan based variances oi,z) to frequency drift and the

insensitivity of Hadamard based variances Gi,s) to such drift.

The information extraction interpretation leads to an even more
important conclusion, that the process of extractig information

from data highpass filters the residual noise withincreasing
efficiency as the complexity of the extracted datéas measured

by M) increases. Another consequence of interpretm O'E]M asa

measure of O'E’M is that the M-order of Oi,M is not a free

parameter that one can arbitrarily change to avoida divergence
problem caused by the presence of ng§inoise. The paper shows
that such divergences are indications of real prokims in the
design, specification, or analysis of a system, arekamples are
given of how to properly mitigate such divergenceswithout

arbitrarily changing M. It is finally noted that th e results of this
paper can be applied to variances of other variabte such as

@(t) and y(t).

Post-publication corrections: Equation (3)

|. INTRODUCTION

Most variances of the time error x(t) [2] used maltstry
can be written as “theoretical” Morder difference variances
given by

04w (1) = AGEL A x(1)]%) @)

or their finite sample statistics, whe#(t) the forward
difference operator [3] over the interwais given by

AMx() =0(1)x(1) —60Ox([1) =x(t+1) -x() (2

O(1) is the forward shift operator [3] defined imptigiin (2),
and A\, is a normalization that will be defined later imst
section. In this paper, we define a theoreticalavene as one
written in terms of a statistical expectation vatweensemble
average E{.}. We use E{..} in this paper to defirtlee
theoretical variance rather the more often usdditafaverage
time average [2], because E{..} is more appropriatdealing
with the mix of random and causal time-dependeiiabior
discussed in this paper (One can link the two tyfes/erages
for random noise by assuming ergodicity.). We alsfine a

finite sample statistic ofciM in the usual manner as an

approximate measure @‘E,M , where E{..} is replaced by an
arithmetic average over a finite set of data samfdeich as
TVAR [1][2] for 0%,).

TABLE I. TYPICAL VARIANCES OF THE TIME ERROR
ATMxX() A | Associated Names Oun’
0] x(®)-p (M=E{x®} [* 1 Standard, Sample| E{[x(t)-u]%
1 X(t+1)-X(t) 2 TIErms [1] TIErm&/2
2 2
2| xr2o-2x@x | 6 %O "V[Z(?' VAR 262my3
X(t+31)- w0,%(t) = Hadamard| , , >
31 axaaxwrx@ | 2° 4] 8Ty (1)/10
[*] M=0 is degenerate casA(t)’x(t) = x(t) - u. A(T)u =0 for M > 0.

Typical oiM (t) used in industry are listed in Table |

[1][2][4]. As indicated in Table I, the M=0 varia«aooiv0 is
the standard variance. This order is degeneratgulse the



ensemble meap=E{x(t)} cannot be ignored for M=0 (For problem based on the order ofx,, (t,A) used in the
M>0, u can be ignored because the finite difference of foplem.

constant is zero.). We thus use the special digimibf

A(T)°x(t) as x(t)-p to include this case in our general

equations. As is also indicated in the tatdé,l is related to

the square of the RMS time interval error (TIErid) Oi,z
is the theoretical form of the Allan variance oé ttime error

Xam(t) can represent either a causal aging function

removed from data or more generally a polynomial
representation of any causal information extradtech data
over T. The aging interpretation explains the desityi of

Allan based varianceso(ivz) to frequency drift and the

[2], and Oi,s is related to the theoretical Hadamard varianggsensitivity of Hadamard based variancasi&) to such

as defined in [4] rather than in [5].

Awm is defined as

=Y My ®
M & m(M - m)!

in order to make alb% ,, equal for white-x orf © noise when
the bandwidth is sufficiently wide to make thedfiktd noise

drift. Thus, one must match the order ani’M to that of the

aging polynomial used, where its order can be egpecified
by the problem statement or is the one most apatepto fit
the actual aging behavior over T.

An information extraction interpretation leads to even
more important conclusion, that the process of agking
information from data highpass filters the residuaise cfyM

with increasing efficiency as the complexity of tbetracted
data (as measured by the equivalent polynomial rprde

uncorrelated over the interval Thus, for white-x noise, all increases. This conclusion is based the on thékweivn

orders of O'E’M are equivalent. However, aﬂrE’M are not

spectral properties of theiM , which have spectral integral

equivalent when negative power law (f@groise is present. kernels proportional td *™ for f<<1, and the approximation
We note that ne@-noise is defined in the usual manner [2] agf ng by o‘i M-

random noise with a single sideband (or doubleejig@wer
spectral density (PSD) of x(t) given by

L, (f) = 05g,f 4

for B<1.

Because alloiy,\,I are not equivalent when n@gnoise is

present, the question arises as to which orderigﬁ is most

appropriate as a measure of residual random esraa §iven
problem. There has been much discussion aboufigistion,
and there is no consensus across the electronmaanity.

Many in the IEEE UFFC society favor the sole usecrtfnf2

and related Allan based variances [2]. However levbther
IEEE societies and the ITU accept the use of Alased
variances in some applications, they recommendutiee of
other variances also [1][6][7][8].

This paper addresses this question by investigatieg

Another consequence of interpretinﬁ',\,I as a measure of

of’M is that one is not free to arbitrarily change wiféerent

variance order simply to avoid a divergence probtsuased
by the presence of ngyjnoise. The paper shows that such
divergences are indications of real problems in dlesign,
specification, or analysis of the system under ictemation
when negB noise is present. Thus, the proper mitigation of
such divergences involves correcting the real sowfthe
problem and not arbitrarily changing the orderhef variance.
The paper further shows how to properly mitigatehsu
divergences by using examples.

Before proceeding to the next section, we note that
linear operatorsA(t) and ©(t) defined in (2) have been
introduced because they are useful in simplifyinge t
derivation of formulas. An example is the expansioin
A()VX(t) in terms of M+1 data points x(ten(n = 0 to M).
Using the properties of\(t) and ©(t) and the binomial
theorem, it is straightforward to show for M>0 that

properties ofoﬁM the variance of the residual error after

Xam (LA) an (M-1)" order polynomial with adjustable
coefficientsA is removed from x(t) by least squares fitting

Xam (t,A) to samples of x(t) over the interval= Mt . In the

M
A" x(1) =[0(1) ~©0)]" x(t) = Y C(M,n)x(t + 1) (5)
n=0

process, it is shown that theiM and their sample statisticswhere

can be physically interpreted as approximate measof
cfyM . This provides a rationale for the choice of théeo of

O'E’M (or the order of its sample statistic) for a adiar

CM,ny=— M (_qym-n

nl(M —n)! ©)



Similarly, it is straightforward to show that (3% ithe
normalization which makes aIIoE’M equivalent for
uncorrelated white-x noise. This is accomplishedusing (5)
and the fact thaE{x(t + nT)X(t + n'1)} = 033,, -

Il. MODELING TIME ERROR OVER ALONG INTERVAL T

Residual x  (t)
-\ N o nzf

.......... N )

o~ <2 - -Total
...... Aging X, w(t,A) — x(t) w/o Env
T 1

Figure 1. Separation of time error into causal and randontritnrions.

In order to obtain our rationale for choosing thiden of

We noted in the introduction that,x(t,A) can also be
more generally interpreted as a function represgnthe
extraction of information from data over T. For Vitg in
most of the discussion that follows, however, wé refer to
Xam(t,A) solely as an aging function with the understagdin
that the equations also apply to the informatioftraetion
interpretation.

The residual time error after removing aging (and
environmental factors) is

X (1) = X() = X o (LA) (X() —pfor M =0)  (8)
We will assume this residual can be representethidogum of
negf noise components when the true or actual aging
xa,M(t,A(")) is perfectly known. Thus, we can characterize

o2\, let us examine how the time error over a longetim¢u(f) using a variance given by

interval T is modeled. As shown in Figure 1, thedierror is
modeled over T by separating it into causal envirental
sensitivity and aging factors [9] and a residuabrer u(t)

after causal factors are removed. In this paperasgeime that

OE,M =E{Xm OF;

(9)

%:m(t) would consist of random nefynoise components if the Where the coefficientd used to generate the residual)
causal factors were perfectly known. Thus, we ignoausal 2€ determined by a fit of.%(t,A) to discrete x(t) samples

contributions to x(t), such as spurs, but the presence of sugMer T- The behavior of this aging fit will lead os our

residual causal factors will not generally affdet validity of
the paper’s results.

Environmental sensitivity to temperature, power pyp
is modeled by causal functions oés¢h

voltage, etc.,
parameters [9]. Environmental
sensitivity functions can be determined with meditenm

tests (<<T), where the errors from the other factam be kept

small. Thus, the removal of such environmentaldiacfrom
x(t) will have minimal impact on the long term beglm of
X(t). From this point on, we will therefore assuthat x(t) has
such environmental factors removed and that tmsrl has
little effect on our discussion.

Aging is modeled by a causal function of time. Has
paper, we will model the aging over the intervgl ft-T] as
an (M-1)" order polynomial given by

M-1
Xam (LA) =D ag (t=t,)" (7)
m=0
(for M>0) whereA is the coefficient vector gaay, ..., as.1)-

The determination of the aging coefficient vectar is
inherently different from that of
coefficients. This is because aging coefficiented®etnation
must be accomplished over an interval comparablefar the
determination to be accurate. Otherwise, termsaffatt the
time error over T cannot be properly estimatedsThil be
crucial to the discussions that follow, becausegldarm

correlations from ne@-noise will impact the determination of

A from data over T. It is noted that we will assumeis
independent of time over the interval T (but notassarily
over longer periods).

the environmenta

rationale for choosing the order of’M .

I1l. BEHAVIOR OF AGING FIT WHEN NEG-[3 NOISE ISPRESENT
Consider x(t) given by a true or actual polynomial

coefficients  for thesy, (A€ t) plus negB noise. One can use a least squares fit

(LSQF) to simultaneously estimaté and oﬁM from N

samples of x(t) over T. In a numerical simulatione can also
calculate the difference between the estimatedgagird the
true aging given by

DX (1) = X o (.A) = Xau (LA®) (10)
fo f4 PR .
o
R P -
.t rd t> Axa,M
=== Data x() — — Act Aging x, y(t,A®) — Calc Aging X, (t.,A)

Figure 2. Behavior of LSQF for various types df foise.

Figure 2 shows the results of such a numerical Isitiowm
for variousf values. For white-x op=0 noise, one can see

that both oﬁ v andAx,m behave in the classically expected

manner for an uncorrelated noise input. That isy thoth go

to zero as N (assuming the bandwidth of the system also
goes to infinity, so the points remain uncorrelatedn the
other hand, for neff-noise with<-2, one can see from the

figure thatof’M andAx,y don't go to zero as . This is
because long term noise correlations from the (hewpise

strongly impact the aging solution. It is notedttha noise is
a borderline case and behaves more like white-gendihus,



in future references to ngynoise, we will implicitly assume
thatf<-2 unless otherwise stated.

A consequence of this long term correlation errbremw
negf noise is present is that one cannot recover tieeaging
over T below the level of the long term random eiiro a
single measurement over T. One must ensemble averay
many data sets to determine the true aging belewetel of
the long term noise error. For real devices, agfrequency
standards or oscillators, an ensemble average maary
devices is not generally physically realizable.sTisi because
aging coefficients generally vary significantly finodevice to
device, and one cannot substitute a time averageasingle
device for the ensemble average unlésss time invariant
over times much greater than T.

2.0 fo 0}2 o f-4
~— = 12
104 o— 22 | f2l T e
. \\RMS A, RMS Ax, , RMS Ax, ,
0.0 T

T T T T T T
Samplesin LSQF 1 10 100 1K
Figure 3. Errors in LSQF for x{A,t)=a;+at.

Figure 3 shows some further properties of LSQHhtgwmis
in the presence of ngynoise for a T order aging polynomial
(M=2) from a numerical simulation over a total df points.

Here, we've plottedo, ,, and RMSAXx,y verses the number

of samples in an LSQF used to determie For this
simulation, o,, and RMS Ax,y were calculated by

averaging over: (a) LSQF solutions over 2 to 2K pglams
spaced over the 4K points (sample separations #iino 2
points) and all possible initial point offsets, a¢g) all 4K
points regardless of the number of samples in tBQH.
There are two important conclusions that one camwdrom

IV. THE ZERODEGREE OFFREEDOMAPPROXIMATION

Xr,M Nz(p PREE XM
X0 ¥, P X\ :
» T ¢ aM i

— T=MT —*
Figure 4. Zero Degree of Freedom Problem (M>0).

One can use the fact theﬁM is relatively insensitive to
the number of samples in the LSQF to simplify thicglation
of oﬁ m by using a zero-degree-of-freedom (N=M)
approximation.  The zero-degree-of-freedom problén
shown in Figure 4. Here, we have M+1 points over M1t
given by

Xp =X(t, +nT)  (n=0toM) (D)

in which we determine (t,A) from M points by excluding
the g" point.A can then be determined simply by inverting the
matrix equation

8 (M) (12)

T O

#

However, because the zero degree of freedom solutio
exactly passes through the pointg Xn#p), one can
determine xu(t+pt) directly from the x without actually
solving for A or removing %m(t,A). The result, which is a
generalization of Newton's Forward Difference Folan[i0],
is given by

the figure. First,o, , is relatively insensitive to the number

of samples in the LSQF (especially for rfegoise). Second,
for negf noise, the RM3\x, v is greater tharo, , . Thus,

when nedg3 noise is present, error estimates of the agirﬁ}

coefficients based on the LQSF residual do notytraflect
the actual error in the determination Af This is a well-
known property of LSQF solutions when correlatetmesr are
present.

One can also theoretically investigate the propertf
LQSF solutions in the presence of rfegoise in terms of the
random noise autocorrelation function(B=E{x(t+T1)x(t)}
using Green'’s functions. However, this does nat lesito our

goal of obtaining a physical interpretation @i,M and closed

form solutions for oin in terms or RT) become

increasingly complex as M increases. A simpler appin for
obtaining a general M solution that will lead usotar goal is
the topic of our next section.

X, m (to + PO = AMMx(t,)/ C(M,p) (13)

d is derived in Appendix A. (It is noted that News
ginal Forward Difference Formula is (13) with M3
Using (13) one can write

02y (to + PO =Ny 02 (1)/C(M, p)? (14)

for this restricted problem.

Since we've shown that the value oﬁM is relatively

insensitive to the number of points (especially foegf
noise), (14) can be used as an approximation ®rgtmeral

N-point LSFQ solution foroﬁM at t,+pt. This is our
physical interpretation otriM , that oin is an approximate

measure ofoEM for any number of points in the LSQF
solution. Given this interpretation, our ration&e choosing

the order M ofoiM is then that it should match the order of
Xam(t,A) which is specified by the problem, or the lowest



order of % m(t,A) which fits the actual causal behavior of x(t)

over the time T (by using Occam’s razor) whgm(,A) is not
specified by the problem.

V. INTERPRETING O'E’M AS AMEASURE OFRESIDUAL ERROR
AFTERAGING REMOVAL

TABLE 1. AGING REMOVAL ASSOCIATED WITH TYPICAL OiM
M| Associated Names Oum’ Aging Removed
0| Standard, Sample E{[x(t)- 13} None

1| TIErms (ITU-T G.810 TIErm&/2 &

2| o), 041), TVAR 0, 4(1)/3 at at

3| wo,X(1) = Hadamard B10,4(1)/10 at at+at’

No removal 0% order aging | 1%torder aging (time &
(Degenerate Case) (time offset) freq offset) removal
AT)X removal X, = 0.5(1)

X0 = A(T)% =X - ,=0.
ro = D)X= Xg - 1 X, 1= AT, 1,2 %, o
C e X Xy oo e e
X 0 X ot X, X035,
NPT, 0"y -
ar,22 = 0-&20y2('l')
0,,2= Standard | o0, ,2=TIErms? .

’ ' p 00.5M for min g, ,2

Figure 5. Physical interpretation of typicaIE’M .

Table 1l lists the aging removal associated witpidsl
O'E’M , and Figure 5 shows the physical interpretatioaashe

OZmoa = iTa =M [ AR O (16)

where

_ 4 t+1

X () =1 j dtx(t) 17)
t

is the time average of x(t) overSimilarly, one can generate a

total average statistic fmrin .

We note that (15) and (16) are statistical measafdbe
residual error after an ¥order aging polynomial is removed
over the interval T (notg) and that the implicit fit value ok
changes as t is slid over the integrals. It is alsted that that
the dummy variable t in the integrals (15) and (Eplacest

(7). Thus, these forms enabteﬁM to be determined for an
aging model that is valid over the interval T budt iy
Finally, it is again noted thaliM and its statistics allow the

calculation ofcﬁM without actually removing the aging from
the x(t) data.

One can define a spectral integral toi v as[11]

o2 =2[ | LLOHDPK (e (18)

2 H R .
of these o\ as aging removed residuals. Thus: (a) thgnere H(f) in (18) is a system response function thataegs

standard variance is associated with no aging ramdib)

TIErms is associated with™0order aging or time offset formulations [2].

removal, (c) the Allan variance is associated wiithorder
aging or time and frequency offset removal, and tfth
Hadamard variance is associated with time and é&ecy
offset and frequency drift removal. A corollary afur

interpretation is that aging will contaminatcﬁ’,\,, when the

(M-1)" aging model is not sufficient to account for thual
aging over T. This explains the sensitivity of Alldased
variances to frequency drift and the insensitiafyHadamard
based variances to such frequency drift.

One can extend the definition @‘EM to include finite

sample statistics, such as those using overlappiuglified,
and total averaging techniques [2]. The followirg the
overlapping statistic defined for a sample data @edr an
interval T;>T in the limit of N2 o but T=Ndt finite

O mow = 1Ty =M [ aaxo]® as)

The above is just the finite time average [A(r)'\"x(t)]z.
Under the same conditions, the modified statistm de
written as

the simple high frequency cut-off fised in previous spectral
Hf) is determined by examining the
specific spectral properties of the system undesideration,
and is a more exact description of the spectrahtieh of a
system than just,f The advantage of using(fj in (18) is one
can show that i) has a K order zero at f=0 for many
systems [11]. This zero improves the convergenopgsties

of low order oiM for many systems, and often allows low-

order O'E’M to converge in the presence of rigeoise where
the f, formulation does not.

In (18), Kim(f) is an x-kernel that is the spectral equivalent
of the time-domain operations which genererﬁgv] from x(t)

[11]. Using the Fourier transformed properties/gf) and
O(1), one can show thatg(f) is given by

Km(® =222 sin™ (1) (19)

which is well-known for lower ordeUiM [1]12].

From (19), one can see thatf) is proportional tof 2™
for f<<1, leading to the well-known highpass (H®gfing of

L«(f) that increases in order as M increases. Thisfiltd?ing
gives the higher ordemiM their well-known improved



convergence properties in the presence of fhewise. An these problems, not by arbitrarithange the variance without
important consequence of this is that the extraatibaging or further consideration. Changing the variance may be
information from data as represented by the remafal appropriate, but there should be a logical ratiersaipporting
Xam(t,A) from x(t) by fitting to data over T will HP filtethe the change. The following discussion will illusgdhis point.

residual noise. This 2|s based on the presumpti@t the Such divergences can be categorized as non-essadia

spectral properties of, for any N can be approximated byessential ones. We define a non-essential diveegascone
those ofa? ,, . However, an outstanding question that remair‘(fj\él’"Ch only requires an analysis change. That i® th
: ivergence is due to an analysis error and isnfwrent in the
is whether thisf 2 behavior for f<<1 is exactly replicated bydesign or specification of the system in questDne example
x-kernels of general N-point?,, . It is also well-known that Of such an analysis error is the use of the impraystem
o ) ’ ] response function f) for the system under consideration (or
the statistics ofoy \, (for M>0) have f<<1 properties that aref, instead Hf)). Thus the identification of the appropriate
oo ot 2 H«(f) will add highpass filtering that enables vadarused to
Slm_”af to Kx,M(f) [2][11][12]' The statistic ofa,, the sample converge if the divergence is non-essential. Ifdhergence
variance, is a special case because of the presépde.1]. remains (and the correct variance for the problenbding

A final consequence of our interpretation is thate o used), then the divergence is an essential onehwhbiuires a

Lo . change in the system design or spec.
cannot not_arbitrarilychange the order obi,\,, to avoid a g 4 g P

divergence problem due to the presence offhagise, if one
wants O'iM to represent a measure of the appropr'caﬁgI .

This means that one must find other ways of dealiitig such
divergences. This is the subject of our next sactio

VI. DEALING WITH DIVERGENCES WHENNEG-3 NOISE IS Figure 6. Coherent radar phase response.
PRESENT
. 2 2 . Another example of a non-essential divergence & th
It is well-known that 6y oand o5, are susceptible to inadvertent choice of the wrong variance for thstesy. This
divergences in the presence of iflegoise. It has thereforeis demonstrated by the coherent radar example shawn
been argued that these variances should not be Idsegtver, Figure 6. A coherent radar, has a “deldylls(f)|zgiven by

from our prior discussionoi0 is the correct measure offyo [11]

(no aging removal), andcri'l is the correct measure «nffl

(0" order aging or time-offset removal). Thus, if omants |Ho(F) 2= 4sin?(rft,) (20)
these difference variances to represent the apptepr s

2 . .
measures oby \ , one cannot change them without changinghich is proportional to%for f<<1. In radar analysis, the
the statement of the problem (or system specifioatiinder standard variance is often identified as the th@adephase
consideration. error (@(t) = w,X(t) [2]) measure to be used in such a system.

The following example illustrates this point. Calesi the This variance diverges whefi”® noise is present, because
specification of the output time error for a comerizequency K (f) =1 and|H(f)[?0f?2 are not sufficient to overcome
synthesizer (evaluated without its frequency sourSaould ™ S
this synthesizer produce a frequency offset emorité time the divergent behavior of.,(f) O~ in (18). To fix this

drift error equivalent), it is considered a perfame problem, radar analysts use a heuristic spectmoapmation
degradation problem. Thus‘iz is not an appropriate errorOf the standard variance (which is really a bansipasiance

measure for specifying the residual time error ichsa 11 given by
synthesizer. This is because, removes the average

frequency offset over T in calculating the residtiale error. 2 Zj'fh L _(fdf
Thus, depending on whether a time offset errorlse @f ©xbp 1T, <0 (21)

concern or not, ethew? , or a2, are the appropriate residual

. ' ' . . where T is the interval over which data blocks are cohiyen
time error measures for such a synthesizef, is more processed.(21) solves the convergence problem, but there is
appropriate for specifying the residual error dfe® running no rigorous justification for replacing the stardlarariance
frequency source when the actual frequency is mpbitant, with a bandpass variance.

but only the source’s frequency stability propertie The rigorous justification is provided by notingaththe

Divergences due to ndg¥jnoise are in fact indicators ofstandard variance is not the correct residual eneasure for
real design, specification, or analysis problemat tbccur this problem. The proper residual error measuthdéssample
when nedB noise is present and should be addressed by fixivigriance over J when a single average value is extracted



from the data, or a higher order statistic whenemmmplex However, an outstanding question that remains isthdr the
must at Iea;t behave 4$ for f3<<1-, and the correct variancepanavior for f<<1 that is the basis of this conidus
converges in the presence 6f° noise. , i i

3) One type of variance is not appropriate fopatiblems.
4) One should not arbitrarilghange to a different variance
O\ order simply to avoid a divergence problem due egative
power law noise. There must be a rationale behing a
variance change.

Energy

xor@
5) Such a divergence is a signal to fix real profsén the

Figure 7. Cycle Slip in PLL. system design, specification, or analysis. Therdimece may
be an essential one, requiring a design or specgehar a
An example of an essential physical divergence I'a non-essential one, requiring only an analysis chang
order pthase locked loop (ELL)Zln the presencd Of noise. As a final note, the results of this paper can jglied to
For a ' order PLL,|H4(f)|“0f“ when f<<1 [11]. Thus, the variances other variables suchgé and y(t).

standard variance again diverges wHet is present for the

linear (small x(t)) PLL model. This divergence &sential and ACKNOWLEDGEMENT
is an indicator of cycle slips which occur in thetual (non- The author would like to acknowledge the JPL time a
linear) PLL as shown in Figure 7. frequency section for serving as a sounding boamd far

This physical problem can be properly mitigatedgsino making several suggestions that improved this paper

approaches. The first approach is to change thdwaae
design so there is d@%order PLL in the system. For d92

order PLL, |H(f)?O0f* [11] and this fourth order zero is
sufficient to allow the standard variance to cogeein the

linear model and to remove cycle slips in the dctyatem.

Note that no change in variance is necessary wiih t MM
approach. ALY =0 for M'<M (A.D

APPENDIXA. GENERALIZATION OF NEWTON' S FINITE
DIFFERENCEFORMULA

An important property of thé\(t)™ operator is

The second approach is to allow cycles slips bec#us M ] n )
cumulative time or phase error is not of concerardivare Thus, A(T)Yx(t) filters out (M-1f" order polynomial
design is not changed). However, one should addanrtime behavior in x(t). (A.1) is easy to demonstrate pglging A(T)
to cycle slip to the specification to ensure thathscycle slips to £ M times. To prove (13), we note that we can w(Sas
are rare enough to avoid becoming a nuisance, aachust
specify that the residual time or phase error vagais to be

evaluated using a sample variance measured oveecdifisd Mo yM-mpgg
interval with any data containing cycle slips extdd. We A(T)MX(IO):Z %@(T)mx(to)
finally note that this second approach changesdhiance but m#p mi( m)t (A.2)
with a rationale to support the change. (=DM M1
e ~0(1) X(t,)
SUMMARY AND CONCLUSIONS PIM =p)!

We summarize the conclusions of this paper asvisllo  since the zero degree of freedom solution foy(® passes

1) 0%y (1) can be interpreted as an approximate measdfgough the data pointsd(t)"x(t,) for m#p, we can
| Substitute®(1)"x, v (t,) for O(1)™x(t,) in the first term of

of the residual errooﬁM when an (M-19 order polynomial
the right of (A.2) and obtain

Xam(t,A) is fit to data over T=Mt. This explains the
sensitivity of Allan based variances to frequendit @nd the
insensitivity of Hadamard based variances to suefuency

M _q\M-mpq
drift. When using this interpretatiormi,\,I should be matched A x(t,) = Z %@(T)mxw(to)
to the equivalent (M-1) order polynomial removed from the m#p ' (A.3)
data. (-pM-Pm1
+-———0(1) X (t,)
2) Removing a polynomial x4(A,t) from data by least p!(M -p)!

squares fitting spectrally highpass (HP) filterg ttesidual _ _ _ _
noise. Furthermore, the order of the HP filtedlésermined by Applying the Binomial Theorem, we can write (A.3) a
the order of the removed polynomial. This conclaos®based

on the use of O'iM as an approximate measure @fy,\,,.



ADMX(to) = AMM X g ()

M-
o “;'eu (X(to) X g (t))

(A4

Finally, we note from (A.1) tth(T)an’M(to) =0, so (A.4)
can be written, using (8), as

)M Pm

ol(M = p)! X, m(to +P1) (A.7)

A" X(t,) =
This is our desired result (13).
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