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ABSTRACT  
 
This paper shows that correlated but random zero mean 
noise processes can cause estimation filters (such as 
Kalman and least squares filters) to generate anomalous 
results that are similar to those generated by unmodeled 
non-zero mean causal behavior. The paper discusses two 
types of such noise processes: stationary Poisson and 
Gauss-Markov processes and non-stationary negative 
power law (neg-p) processes. The paper shows that such 
anomalous results are due to two factors. First, it is shown 
that single ensemble members of such correlated noise 
processes exhibit non-ergodic-like behavior over a finite 
data collection interval T, if τc the correlation time of the 
noise process is an appreciable fraction of T, even if the 
process is strictly ergodic as T→∞.  This these causes 
practical realizations of such filters, which rely on 
ergodic-like behavior in a single ensemble member for 
their proper operation, to generate results that deviate 
from theoretically predicted behavior. Second, it is shown 
that the signatures over T of such individual ensemble 
members can mimic those of the desired signal being 
estimated. This causes the filter to treat such noise as part 
of the desired signal and leads to the underestimation of 
the true error generated by the noise. It is then shown that 
setting T >> τc allows one to properly separate the noise 
from the desired signal and to properly estimate the true 
error. It is further shown that τc → ∞ for neg-p noise, and 

thus one can never separate the correlated part of such 
noise from the desired signal, regardless of the value of T. 
This is shown to lead to infinite true errors for neg-p noise 
unless one introduces periodic calibration to bound the 
divergent effects of such noise. The paper concludes with 
a description of (causal) environmentally induced errors 
that mask their causal nature and exhibit behavior similar 
to correlated ZM noise processes.  
 
INTRODUCTION  
 
Estimation filters, such as Kalman [1] and least squares 
[2] filters, are used to extract estimates of causal behavior 
from noisy data. Sometimes these filters generate results 
that seem to be in conflict with theoretically expected 
behavior. Generally, this anomalous behavior is attributed 
to the presence of an unmodeled causal or non-zero mean 
process in the data. However, this is not always the case. 
In this paper, we will show that such anomalous behavior 
can be generated by a random zero mean (ZM) noise 
process, if the process in question is correlated from 
sample-to-sample. We will also discuss in detail how two 
classes of correlated noise processes cause such 
anomalous behavior: stationary Poisson and Gauss-
Markov processes and non-stationary negative power law 
(neg-p) processes. We will conclude our discussion with a 
description of (causal) environmentally induced errors 
that mask their causal nature and exhibit behavior similar 
to correlated ZM  noise processes.  
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Figure 1. (a) Expected and (b) unexpected behavior in 

a Kalman estimation filter. 
 
As an example of such anomalous behavior, consider 
Figure 1. This figure shows both: (a) theoretically 
expected and (b) unexpected results generated by a 
Kalman filter. Here, a simple Kalman filter model (which 
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will be used throughout this paper) is used. This model 
generates an estimated range output from one-
dimensional ranging data containing noise. The model is 
defined as follows. First, the basic parameters in the 
model are given by 
 

• r(tk) = rc(tk) + x(tk) is measured ranging data. 
• tk = t0 + kτs is the sampling time (k = 0 to N-1).  
• τs is the sampling interval.  
• T = Nτs the data observation or collection interval. 
• rc(tk) is the true range. 
• x(tk) is the measurement error. 
• rp(tk) is the filter estimated range output. 
• δp(tk) is the predicted error generated from the filter 

covariance output. 
• δc(tk) = rp(tk) - rc(tk) is the true error. 
• The subscript k will often be dropped for simplicity 

or to indicate the continuous process. 
 
Second, the differential state model [1,3] is given (in 
Matlab matrix notation) by  
 
s(tk +τs) = A(tk +τs,tk)·s(tk)  + u(tk) + w(tk) (1) 
r(tk) = H(tk)·s(tk) + x(tk) 
 

• The underscore indicates a vector or matrix. 
• A tk +τ, tk) = [1 τs; 0 1] is the state transition matrix. 
• u(tk) = [0; -τs] is the casual forcing function.  
• w(tk) = [0; 0] is the process noise vector. 
• s(tk) = [r(tk); dr(tk)/dt] is the state vector. 
• dr(tk)/dt is the measured range rate. 
• H(tk) = [1; 0] is the observation matrix. 

 
In Figure 1(a), where the noise is uncorrelated (white) 
from sample-to-sample, note that rp(tk) is consistent with 
rc(tk) and that δp(tk) is consistent with δc(tk). In Figure 
1(b), on the other hand, the filter behavior is very 
different. Here, it looks like x(tk) contains some 
unmodeled non-zero mean behavior that causes r(tk) to 
systematically deviate from rc(tk) and δp(tk) to be 
inconsistent with δc(tk). Figure 1(b), however, was 
generated by purely random ZM noise that is correlated 
from sample-to-sample.  
 
We note that we will be talking about measurement noise 
x(tk), which is represents the difference the measured and 
true behavior rc(tk), not process noise w(tk), which is a 
proper part of rc(tk), even if it is random. Thus, our model 
sets w(tk) to zero as a non-essential simplification. We 
finally note that our over-all conclusions will not be 
dependent on the details of our simple illustrative model. 
They will be based on very general principles that apply 
to virtually any type of model and estimation filter. 
 

WHAT IS MEANT BY A ZERO MEAN (ZM) 
RANDOM PROCESS? 
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Figure 2. Ensemble and time means. 

 
To understand how a ZM process can exhibit the behavior 
shown in Figure 1(b), one must understand what the term 
ZM implies and does not imply. Formally, a ZM process 
is one where Ex(t) = 0, that is, where the ensemble 
average E  of x(t) at any t is zero [2,4,5,6]. This shown in 
Figure 2. Here, we note that Ex(t) designates the average 
over different ensemble members x(1)(t), x(2)(t), … at a 
each t. It is important to note that ensemble averages are 
used to generate the theoretical equations that define a 
statistically optimum estimation filter [1,2,4,5].  
 
In Figure 2, we also note other type of average that is 
used in generating practical realizations of an estimation 
filter. This is <x(n)(t)>T the time average of a single 
ensemble member x(n)(t) over a finite data collection 
interval T. It is important to note that this difference in 
averaging between the theoretical filter and its practical 
realization is not often stated, but is always implicit, 
because one only operates on a single ensemble member 
in a practical realization. 
 
A mean ergodic process is one where [4,6]  
 

T
T

)t(xLim)t(x ><=
∞→

E  [mean ergodic] (2) 

 
Note, this implies that Ex(t) is not a function of t, because 
the limiting process takes out all time references [5,6]. 
Further, note (see Figure 2) that ergodicity does not imply 
that Ex(t) = <x(n)(t)>T or that <x(n)(t)>T is independent of 
the time for finite T, especially when the process is 
correlated.  
 
The theoretical (ensemble averaged) covariance of a non-
stationary (NS) noise process x(t) is given by [7] 
 

)5.0)x(t5.0 x(t),(tC gggx τ−τ+=τ E  [NS] (3) 

 
Here, we are explicitly assuming that: (a) Ex(t) = 0 is zero 
so the covariance and correlation function [4] are the 
same, and (2) we are using the “rotated” time arguments tg 
the global time from the start of the noise process and τ 
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the difference or local time [7].  Note that the theoretical 
variance of x(t) is given by  
 

)0,(tC)t( gxg
2
x =σ  (4) 

 
If the process is wide-sense stationary (WSS), then 
Cx(tg,τ)  is time translation invariant and thus only a 
function of τ [4,6]; that is 
 

)5.0)x(t5.0 x(t)(C ggx τ−τ+=τ E   [WSS] (5) 

 

In this case, 2
xσ  must be independent of t [4,6]. It is 

important to note that a process cannot be truly WSS 
unless x(t) is statistically bounded in some sense (which 

implies that 2
xσ is bounded) [2,8]. This is often not 

explicitly stated in the definition of an WSS process. 
However, many theorems about WSS processes break 
down if this assumption is violated [2,8]. An important 
theorem connecting NS and WSS processes is [9,10] 
 

),(tCLim)(C gx
t

x
g

τ=τ
∞→

  (6) 

 
Thus, a process cannot be WSS if Cx(tg,τ)→∞ as tg→∞.   
 
One can define a covariance ergodic process by 
substituting the covariance for the mean in the above 
discussion [4]. Here, the finite time averaged equivalent 
of <x(n)(t)>T  is   
 

Tggg
)n(

x )5.0)x(t5.0x(t)T,,(tC >τ−τ+=<τ   (7) 

 
For covariance ergodicity, one therefore must have  
 

)T,,(tCLim)(C g
)n(

x
T

x τ=τ
∞→

 [covariance ergodic] (8) 

 
We note that x(t) must be WSS if it is covariance ergodic 
because T→∞ takes out references to a finite starting 
point. 
 
THE CONNECTION BETWEEN ANOMALOUS 
AND NON-ERGODIC-LIKE BEHAVIOR 
 
What does the above discussion of ergodicity have to do 
with noise-generated anomalous behavior in estimation 
filters? The answer relates to the replacement of the 
ensemble average in the theoretical filter by the finite 
time average over one ensemble member in the practical 
realization of the filter.  Thus, for the practical realization 
to act like its theoretical counterpart, these finite time 
averages must approximately reproduce the behavior of 
ensemble averages. We will call this ergodic-like 

behavior. As one can see in Figure 2, this can happen, 
even if the noise process is strictly ergodic as T→∞. 
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Figure 3. Kalman solutions with random walk x(tk).  
(a) is the basic Kalman model. In (b), the Kalman 
model is augmented with a correlated noise model.  (c) 
shows the NS and non-ergodic-like nature of random 
walk noise. 
 
This connection between anomalous filter behavior and 
non-ergodicity is demonstrated in Figure 3. Figure 3(a) 
shows our Kalman filter model generated using a single 
ensemble member of a ZM random walk x(t) process 
shown in Figure 3(c) [9]. Here, one can clearly see the 
anomalous filter behavior caused by the random walk. In 
Figure 3(c), we have generated multiple ensemble 
members to emphasize the non-ergodic-like behavior of 
single ensemble members. 
 
Figure 3(b) demonstrates a second important principal 
that causes anomalous Kalman filter behavior. Here, the 
filter is augmented [1] by a correlated random walk x(t) 
model [9] that is supposed to correct for the correlated 
noise process. Note that the filter does a somewhat better 
job of predicting the true behavior and of estimating the 
true errors but that the results are far from perfect. The 
question of what is happening here is answered by 
drawing on another important principal in estimation 
theory, the Orthogonality Principal [1,4,5]. The 
Orthogonality Principle states that the residual error from 
the estimated output in a minimum mean square (MMS) 
estimation filter must be orthogonal to the filter output in 
an appropriate Hilbert space [1,4,5]. In other words, an 
estimation filter cannot properly separate x(n)(t) from rc(t) 
to the extent that x(n)(t) is linearly dependent with rc(t) 
over T. This principal also applies to more general 
solution techniques. It is just a specific application of the 
fact that solution equations become ill-formed when the 
determinant of the solution matrix is near zero [11]. It is 
also well known in least squares fit (LSQF) theory as the 
fact that a LSQF solution cannot separate errors that are 
systematic with the causal behavioral model over T [5].  
Therefore, rp(t) must follow the parts of x(n)(t) that are 
systematic with rc(t), and also underestimates the true 
error, because the filter treats the systematic part of x(n)(t) 
as if is were true behavior. 
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STATIONARY EXEAMPLES OF CORRELATED 
NOISE 
 
A Poisson or random telegraph process and a Gauss-
Markov processes are simple examples of correlated but 
ZM noise processes that can generate anomalous behavior 
in estimation filters. A Poisson process is a strict-sense 
stationary [4] ergodic process whose random variable 
changes state with a Poisson probability at some average 
rate given by 1/τc [4,6]. This process can be non-ZM or 
ZM depending on the value of Ex(t). A Gauss-Markov 
process is a similar-strict sense stationary ergodic process 
generated by the single pole lowpass filtering of white 
noise [4]. Both have the same WSS autocovariance given 
by [4] 
 

)|/τ|(expσ)(C c
2

x τ−=τ  (9) 

 
τc is also the correlation time for these processes defined 
as [12] 
 

)(τCdτ)0(C5.0τ x
1

xc ∫
∞+

∞−
−=  (10) 

 
τc is heuristically the time range over which x(n)(t+∆t) is 
appreciably dependent on the particular value of x(n)(t) 
that occurred. Such correlated noise processes are 
typically generated by random-like environmental 
changes as well as under sampling for the Nyquist 
bandwidth of the system. 
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Figure 4. Gauss-Markov process. 

 
The time behavior of a Gauss-Markov process is shown in 
Figure 4(a) (a Poison process has similar though more 
stepped behavior). Figure 4(b) shows that such that such 
processes behave like random walks for time intervals τ 
less than τc. Here, we’ve plotted σTIE the RMS of the 1st 
difference of x(t) over τ given by [13] 
 

22
TIE ]x(t))x(t[ )( −τ+=τσ E  (11) 

 
This is well-known as the RMS Time Interval Error (TIE) 
when x(t) is the time error [13,14]. One can see that σTIE 
increases as τ1/2 for τ < τc for such noise, and this τ1/2 
behavior is a defining characteristic of random walk noise 
[4,9]. Thus, one would expect Kalman filter results for 
Poisson and Gauss-Markov processes to be similar to that 
of the random walk results shown in Figure 3 when τc is 
on the order of T or greater. 
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Figure 5. Effect of ττττc on Kalman filter results for a 

Gauss-Markov process. 
 
Figure 5 shows this is indeed the case. Here, Kalman filter 
results are shown as a function of τc. (No augmentation of 
the filter is used here.) When τc > τs (τs is the sample 
interval), one can see that the predicted behavior starts to 
become anomalous. This is due to the well-known 
reduction in the number of degrees of freedom from the 
number of samples N = T/τs to Nc = T/τc for correlated 
noise [12]. As τc approaches the value of T, we note that 
the filter output deviates more and more from the true 
behavior until the filter output severely misrepresents the 
true behavior.  
 
It is well-known that one can correct such 
misrepresentations for any stationary correlated noise 
process simply by making T >> τc, regardless of the value 
of τc/τs. The only proviso is that Nc must be used in 
calculating errors, rather than N. For neg-p processes, this 
is not the case, as is explained in the section that follows. 
 
NEGATIVE POWER LAW (NEG-P) NOISE 
 
The random walk noise we’ve previously discussed is an 
example of negative power law (neg-p) noise. These are 
noise processes that are well-known in time and 
frequency sources, and get their neg-p name from their 
Sp(f) ∝ f P (for p < 0) power spectral densities (PSDs) 
[9,14]. The well known types of integer neg-p noise when 
x(t) is the time or phase error are listed in Table I. 
 

Name (Sp(f) ∝∝∝∝ f P) p 

Flicker of phase -1 

Random walk of phase -2 

Flicker of frequency -3 

Random walk of frequency -4 
Table I. Well-known types of integer neg-p noise when 

x(t) is the time or phase error. 
 
Neg-p noise, however, is actually NS, so it cannot strictly 
be represented by a WSS PSD [9], despite the fact that 
such PSDs are generally used for analyzing neg-p noise 
[14]. For integer neg-p noise, one can show that such 
noise has the following (nasty) properties [9] 
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• Cx(tg,τ) is bounded for all tg and τ, but becomes 

infinite for tg→∞ [9].  
• x(t) never reaches a statistical steady state (x(t) 

unbounded as tg→∞). 
• Cx(τ) is strictly infinite for all τ. Thus one cannot 

strictly use the WSS representation in the time 
domain. (An exception will be given later.) 

•  τc�∞ as tg�∞ and τc is on the order of the 
maximum t in the problem for finite tg. 

• Thus, τc is at least on the order of T and thus one can 
never have a situation where T >> τc. 

 
One can simulate integer neg-p noise by Wiener filtering 
white noise [4,9]. In the NS representation, such Wiener 
filtering is written as [9] 
 

)'(tx)'t(thdτ)(tx 0p
t

0
p −= ∫  (11) 

 
where x0(t) indicates white noise (p = 0) and xp(t) 
indicates power law noise of order p. Formulas for such 
hp(t) have been published [9,10,15,16] and they produce  
the simulated outputs shown in Figure 6.  
 

ff 00

ff --22

ff --44

ff --11

ff --33

No
Filter

h-1(t)

h-2(t)

h-3(t)

h-4(t)

xp(t)
x0(t)

x0(t)

x0(t)

x0(t)

x0(t)

ff 00

ff --22

ff --44

ff --11

ff --33

No
Filter

h-1(t)

h-2(t)

h-3(t)

h-4(t)

xp(t)
x0(t)

x0(t)

x0(t)

x0(t)

x0(t)

 
Figure 6. Wiener filter simulations of neg-p noise.  

 
In the WSS representation, the Wiener filter convolution 
is given by [4,9] 
 

)'(tx)'t(thdτ)(tx pp
t

p −= ∫ ∞−
 (12) 

 
Thus, one can see xp(t) is unbounded in the WSS 
representation for any t, because hp(t) has an infinite 
memory (τc = ∞) [9]. In systems where x(t) contains 
additional system highpass (HP) filtering of xp(t) given by 
Hs(f) (so that the filtered PSD is Sx(f) = |Hs(f)|

2Sp(f) [4]), 
one can fix this divergence problem when the HP filtering 
of Hs(f) is sufficient to suppress the divergence of Sp(0) 
[17,18]. If such is the case, the filtered x(t) is a stationary 

correlated ergodic process with a finite τc determined by 
the properties of Hs(f) [17,18]. In this case, the WSS 
representation can be used to generate a finite filtered x(t) 
from the frequency domain Sx(f). Thus, in this case, the 
previous discussion about stationary correlated processes 
applies. 
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Figure 7. Kalman behavior for neg-p noise.  
 
Figure 7 shows the effects of various integer orders of 
neg-p noise on our Kalman filter model when no system 
HP filtering is present. Here, tg is set to 0 at the start of the 
simulation. For p = -1, anomalous Kalman behavior just 
begins to become apparent, and the anomalous Kalman 
behavior becomes very apparent for for p < -1. Finally, 
we note that the filter output will become progressively 
worse estimator as T gets larger. This is because 

)(tg
2
TIEσ  grows as ln(Btg) for p = -1 (B is the analog 

bandwidth) and tg
 -p-1 for integer p < -1 (when τ=tg and t=0 

in (11)) [9,15]. 
 
The simulations in Figure 7 also show a danger in dealing 
with neg-p noise. Here, we have set tg to zero at the start 
of the simulation graphing period, as is common practice. 
Thus, the errors look larger than expected but possibly 
manageable. However, as we have just discussed, the 
RMS error from neg-p noise grows without bound as 
tg→∞. Therefore, if the actual physical situation is such 
that tg is large at the start of a data collection period, a 
simulation in which tg is set to 0 at the start of the data 
collection interval will severely under-report the true 
error.  
 

Neg-p
noise
Least

squares 
residuals

Start
of

Noise

Ensemble
Members

tg

Start
of Noise
& Data

Start
of Noise
& Data

Start of
Data

(a) (b)

T T

Cal Cal

Noise after Cal Subtraction 

Start
of

Noise

(c) Neg-p
noise
Least

squares 
residuals

Start
of

Noise

Ensemble
Members

tg

Start
of Noise
& Data

Start
of Noise
& Data

Start of
Data

(a) (b)

T TT

Cal Cal

Noise after Cal Subtraction 

Start
of

Noise

(c)

 
Figure 8. Effect of dependence on tg.  
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This problem is illustrated in Figure 8 for random walk 
(p = -2) noise. Here, results from a least squares fit 
(LSQF) are shown, where the LSQF in question predicts a 
constant offset (whose true value is zero) from noisy data 
over T. In the figure, we have plotted various ensemble 
members of the data (dotted lines) along with the residual 
fit error over T (solid lines). Here, these solid line 
residuals represent the apparent error due to the noise that 
one would infer from the LSQF and the dotted lines over 
T represent the true error. In Figure 8(b), where tg is zero 
at the start of T, the true and apparent errors are 
comparable. However, Figure 8(a) represents the more 
physically realistic situation, where tg is not zero at the 
start of the data collection period. One can see here that 
the differences between the true and apparent errors are 
much larger than in Figure 8(b), because of the 
accumulated error prior to the start of T. 
 
This problem can of course be corrected when the system 
sufficiently HP filters x(t) by setting T >> τc. However, 
when there is no such system HP filtering, a different 
approach must be used. In Figure 8(c), we show such an 
approach. Here, we have introduced periodic calibration 
around T to remove accumulated errors. Thus, the true 
error during T remains small and comparable to the 
apparent error. This is effectively what the GPS system 
does for position location, because errors are periodically 
calibrated against known ground locations. We note, 
however, that this is not true for both the GPS and UTC 
timescales, since there is no absolute calibration available 
to remove time errors generated by accumulated atomic 
clock neg-p noise defining these time scales.  
 
ENVIRONMENT ERRORS THAT MASK THEIR 
ENVIRONMENTAL SIGNAUTURES 
 
Environmental errors can be modeled and removed only if 
the functional relationships between measurement errors 
and environmental signatures can be identified. Hardware 
filtering can mask these functional relationships and make 
the true relationships hard to identify. The net result is 
errors that do not seem to correlate with environmental 
signatures and act like they are generated by correlated 
random noise. Figure 9 shows an example of such 
environmental behavior and its effect on our Kalman 
model. Here, we show the effect of ambient temperature 
slew rate (dK/dt) sensitivity caused by such hardware 
filtering.  
 
Such dK/dt sensitivity often occurs because many 
hardware components are differentially temperature 
compensated to a high degree. For example, the diodes in 
a double balanced mixer have typical diode drop 
voltage/temperature coefficients (dV/dK) of about 1 
mV/°C, while differential cancellation reduces the over-
all mixer AC signal zero crossing voltage/temperature 
coefficient to about 1 µV/°C. When the temperature 

slews, transient temperature gradients change across the 
diode bridge cause this differential cancellation to be 
temporarily unbalanced as a function of time. This 
produces a significant shift in the mixer AC signal zero 
crossing voltage proportional to dK/dt (which is often 
larger than the direct K sensitivity of the mixer). This in 
turn produces a phase shift in the output of the mixer 
proportional to dK/dt that can generate significant range 
measurement error in a navigation receiver. 
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Figure 9. The effect of temperature slew rate 

sensitivity on a Kalman filter. 
 
In Figure 9(a), Kalman filter output results are first shown 
when the input noise is white. Note the very small 
predicted errors relative to the measurement noise. Figure 
9(b) shows the Kalman filter output with approximately 
the same level of measurement dK/dt “noise.” In Figure 
9(b), note that the error bars are much wider than in 
Figure 9(a) and that the filter output and error bars seem 
to bear no relationship to the K(t) signature also shown in 
Figure 9(b). In Figure 9(c), a portion of the Figure 9(b) 
measured data is graphed along with dK(t)/dt to show the 
one-to-one match in behavioral signatures. The K(t) input 
here was generated using a correlated Gauss-Markov 
model differentiated in time. Typically, such correlations 
arise because hardware housings introduce thermal 
lowpass filtering and changes in the ambient temperature 
tend to be correlated. 
 
CONCLUSIONS 
 
In this paper, we have shown that correlated but random 
zero mean noise processes can cause estimation filters to 
generate anomalous results similar to those normally 
associated with unmodeled non-zero mean behavior. We 
have shown that this arises due to the combination of two 
effects. First, a correlated noise process, even if it is 
stationary and ergodic over an infinite time, can exhibit 
non-ergodic-like behavior over a finite data collection 
interval. Second, such non-ergodic-like behavior can 
mimic the signature of the causal behavior being 
estimated, so the filter cannot distinguish this noise from 
the true behavior. These anomalous results can be reduced 
for stationary noise processes by making T the data 
collection interval greater than τc the correlation time of 
the noise process. Neg-p noise is problematic in this area 
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because it has an infinite τc, but periodic calibration can 
reduce the impact of this infinite τc. 
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