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ABSTRACT

This paper shows that correlated but random zeranme
noise processes can cause estimation filters (ssch
Kalman and least squares filters) to generate alouma
results that are similar to those generated by ueheal
non-zero mean causal behavior. The paper disctases
types of such noise processes: stationary Poisson a
Gauss-Markov processes and non-stationary negative
power law (neg-p) processes. The paper shows ticat s
anomalous results are due to two factors. Firgs,shown
that single ensemble members of such correlategenoi
processes exhibit non-ergodic-like behavior ovdinge
data collection interval T, if. the correlation time of the
noise process is an appreciable fraction of T, af/¢ime
process is strictly ergodic as—lo. This these causes
practical realizations of such filters, which rebn
ergodic-like behavior in a single ensemble memloer f
their proper operation, to generate results thatiatie
from theoretically predicted behavior. Seconds isihown
that the signatures over T of such individual eridem
members can mimic those of the desired signal being
estimated. This causes the filter to treat sucBenas part
of the desired signal and leads to the underesomaif
the true error generated by the noise. It is thews that
setting T >>1, allows one to properly separate the noise
from the desired signal and to properly estimatetthe
error. It is further shown that - o for neg-p noise, and

thus one can never separate the correlated psstiaf
noise from the desired signal, regardless of ttheevaf T.
This is shown to lead to infinite true errors fegAp noise
unless one introduces periodic calibration to botmel
divergent effects of such noise. The paper conslwdth
a description of (causal) environmentally inducerbrs
that mask their causal nature and exhibit behasiioilar
to correlated ZM noise processes.

INTRODUCTION

Estimation filters, such as Kalman [1] and leastasgs

[2] filters, are used to extract estimates of chbeaavior
from noisy data. Sometimes these filters generagelts

that seem to be in conflict with theoretically egsel
behavior. Generally, this anomalous behavior isbaited

to the presence of an unmodeled causal or nonmeem
process in the data. However, this is not alwagsctise.

In this paper, we will show that such anomalousavéir

can be generated by a random zero mean (ZM) noise
process, if the process in question is correlatedn f
sample-to-sample. We will also discuss in detaiv oo
classes of correlated noise processes cause such
anomalous behavior: stationary Poisson and Gauss-
Markov processes and non-stationary negative péaver
(neg-p) processes. We will conclude our discussiitin a
description of (causal) environmentally inducedoesr
that mask their causal nature and exhibit behasiroilar

to correlated ZM noise processes.
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Figure 1. (a) Expected and (b) unexpected behavior in
a Kalman estimation filter.

As an example of such anomalous behavior, consider
Figure 1. This figure shows both: (a) theoretically
expected and (b) unexpected results generated by a
Kalman filter. Here, a simple Kalman filter modelhich
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will be used throughout this paper) is used. Thideh
generates an estimated range output
dimensional ranging data containing noise. The e
defined as follows. First, the basic parametersthia
model are given by

e r(ty) = re(t) + x(t) is measured ranging data.

e t =t + krsis the sampling time (k = 0 to N-1).

* T5is the sampling interval.

* T = Ntg the data observation or collection interval.

* r¢(ty) is the true range.

* X(ty) is the measurement error.

* ry(ty) is the filter estimated range output.

* dy(t) is the predicted error generated from the filter
covariance output.

o O(ty) = r(ty) - re(ti) is the true error.

« The subscript k will often be dropped for simplcit
or to indicate the continuous process.

Second, the differential state model [1,3] is giv@m
Matlab matrix notation) by

St +19) = Atk +Ts,t)-S(t) + Uti) + w(ty) (1)
r(t) = H(t) st + X(t)

« The underscore indicates a vector or matrix.

o At +T, t) =[115 0 1] is the state transition matrix.
e u(ty) = [0; 1] is the casual forcing function.

* w(ty) = [0; 0] is the process noise vector.

e S(t) = [r(t); dr(t)/dt] is the state vector.

« dr(t)/dt is the measured range rate.

* H(t) = [1; 0] is the observation matrix.

In Figure 1(a), where the noise is uncorrelatedit@yh
from sample-to-sample, note thafty) is consistent with
r(t) and thatd,(ty) is consistent withd,(ty). In Figure
1(b), on the other hand, the filter behavior is yver
different. Here, it looks like x{ contains some
unmodeled non-zero mean behavior that causgsto(t
systematically deviate from(t) and () to be
inconsistent with &,(t,). Figure 1(b), however, was
generated by purely random ZM noise that is cotedla
from sample-to-sample.

We note that we will be talking about measuremernsen
X(tx), which is represents the difference the measaned
true behavior £t,), not process noise (&), which is a
proper part of (t), even if it is random. Thus, our model
sets_wt,) to zero as a non-essential simplification. We
finally note that our over-all conclusions will ndte
dependent on the details of our simple illustrativedel.
They will be based on very general principles taply

to virtually any type of model and estimation filte

from one-

WHAT IS MEANT BY A ZERO MEAN (ZM)
RANDOM PROCESS?

Ensemble Mean E&x(t) Correlated Process
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Figure 2. Ensemble and time means.

To understand how a ZM process can exhibit the ieha
shown in Figure 1(b), one must understand whateha
ZM implies and does not imply. Formally, a ZM prese
is one whereex(t) =0, that is, where the ensemble
averager of x(t) at any t is zero [2,4,5,6]. This shown in
Figure 2. Here, we note thak(t) designates the average
over different ensemble member®®, x@(t), ... at a
each t. It is important to note that ensemble ayesaare
used to generate the theoretical equations thahedef
statistically optimum estimation filter [1,2,4,5].

In Figure 2, we also note other type of average tha
used in generating practical realizations of amegton
filter. This is <>€")(t()>T the time average of a single
ensemble membert) over a finite data collection
interval T. It is important to note that this diff@ce in
averaging between the theoretical filter and itacpical
realization is not often stated, but is always ioipl
because one only operates on a single ensemble enemb
in a practical realization.

A mean ergodic process is one where [4,6]

EX(t) = %ano <x(t) >y [mean ergodic] (2)

Note, this implies thatx(t) is not a function of t, because
the limiting process takes out all time referenfe$].
Further, note (see Figure 2) that ergodicity dagsmply
that #x(t) = <X"(t)>; or that <X"(t)>; is independent of
the time for finite T, especially when the process is
correlated.

The theoretical (ensemble averaged) covariancenoina
stationary (NS) noise process Xx(t) is given by [7]

Cu(ty, 1) = EX(ty + 0ST)X(tg — 051) [NS] 3)

Here, we are explicitly assuming that: @&)t) = 0 is zero
so the covariance and correlation function [4] &re
same, and (2) we are using the “rotated” time amntmg
the global time from the start of the noise procasdt
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the difference or local time [7]. Note that thedhetical
variance of x(t) is given by

0% (tg) = Cx(tg 0) @)
If the process is wide-sense stationary (WSS), then
Ci(te,T) is time translation invariant and thus only a
function oft [4,6]; that is

Cx (1) = E X(ty + 05T)x(ty— 051) [WSS] (5)

In this case,cy)z( must be independent of t [4,6]. It is

important to note that a process cannot be trulySWS
unless x(t) is statistically bounded in some semggch

implies that ci is bounded) [2,8]. This is often not
explicitly stated in the definition of an WSS prese
However, many theorems about WSS processes break
down if this assumption is violated [2,8]. An impamt
theorem connecting NS and WSS processes is [9,10]

Cy(1) = tLim Cy(tg:T) (6)
g~ 00

Thus, a process cannot be WSS,ift&r) - oo as - .

One can define a covariance ergodic process by
substituting the covariance for the mean in thevabo
discussion [4]. Here, the finite time averaged ealeint

of <xX"(t)>1 is

C{(tg,T,T) =< X(tg + 050)X(ty ~ 051) >y @

For covariance ergodicity, one therefore must have

(8)

Cy(M) = TI.m;o C&”)(tg,T,T) [covariance ergodic]

We note that x(t) must be WSS if it is covarianogoeic
because T o takes out references to a finite starting
point.

THE CONNECTION BETWEEN ANOMALOUS
AND NON-ERGODIC-LIKE BEHAVIOR

What does the above discussion of ergodicity haveot
with noise-generated anomalous behavior in estimati
filters? The answer relates to the replacementhef t
ensemble average in the theoretical filter by timétef
time average over one ensemble member in the pahcti
realization of the filter. Thus, for the practicehlization
to act like its theoretical counterpart, these téinfiime
averages must approximately reproduce the behafior
ensemble averages. We will call this ergodic-like

behavior. As one can see in Figure 2, this can ém@pp
even if the noise process is strictly ergodic ascd.
(@)

/

— Meas data

- Pred error
Figure 3. Kalman solutions with random walk x(ty).
(a) is the basic Kalman modéd. In (b), the Kalman
model is augmented with a correlated noise model. (c)
shows the NS and non-ergodic-like nature of random
walk noise.

(c) Ensemble
Members

(b)

— Filter output

This connection between anomalous filter behaviod a
non-ergodicity is demonstrated in Figure 3. FigG(a)
shows our Kalman filter model generated using a@lsin
ensemble member of a ZM random walk x(t) process
shown in Figure 3(c) [9]. Here, one can clearly e
anomalous filter behavior caused by the random walk
Figure 3(c), we have generated multiple ensemble
members to emphasize the non-ergodic-like behasfior
single ensemble members.

Figure 3(b) demonstrates a second important prhcip
that causes anomalous Kalman filter behavior. Hire,
filter is augmented [1] by a correlated random wa(
model [9] that is supposed to correct for the datesl
noise process. Note that the filter does a somebsiier
job of predicting the true behavior and of estimgtthe
true errors but that the results are far from perféhe
question of what is happening here is answered by
drawing on another important principal in estimatio
theory, the Orthogonality Principal [1,4,5]. The
Orthogonality Principle states that the residuabrefrom
the estimated output in @ minimum mean square (MMS)
estimation filter must be orthogonal to the filtartput in

an appropriate Hilbert space [1,4,5]. In other vgordn
estimation filter cannot properly separaté(® from r(t)

to the extent that®X(t) is linearly dependent with(t)
over T. This principal also applies to more general
solution techniques. It is just a specific applmatof the
fact that solution equations become ill-formed wiibe
determinant of the solution matrix is near zero][1tlis
also well known in least squares fit (LSQF) theasythe
fact that a LSQF solution cannot separate errcast dhe
systematic with the causal behavioral model ovdB]T
Therefore, ft) must follow the parts of X(t) that are
systematic with £t), and also underestimates the true
error, because the filter treats the systematit qfax(t)

as if is were true behavior.
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STATIONARY EXEAMPLES OF CORRELATED
NOISE

A Poisson or random telegraph process and a Gauss-

Markov processes are simple examples of correlategd
ZM noise processes that can generate anomalousibeha
in estimation filters. A Poisson process is a sganse
stationary [4] ergodic process whose random vagiabl
changes state with a Poisson probability at sonecage
rate given by 1, [4,6]. This process can be non-ZM or
ZM depending on the value afx(t). A Gauss-Markov
process is a similar-strict sense stationary ergpdicess
generated by the single pole lowpass filtering dfitey
noise [4]. Both have the same WSS autocovariangengi

by [4]
C, (1) = 0% exp( - tl/x,) (9)

1. is also the correlation time for these processdmed
as [12]

te = 05C,(0) Y _+°° e C, (1) (10)

1. is heuristically the time range over whicl+At) is
appreciably dependent on the particular value ®ftx

that occurred. Such correlated noise processes are

typically generated by random-like environmental
changes as well as under sampling for the Nyquist
bandwidth of the system.

(@) o (b)
b $
5 <

9 =T,

Log(T)

Figure 4. Gauss-M arkov process.

The time behavior of a Gauss-Markov process is show
Figure 4(a) (a Poison process has similar thoughemo
stepped behavior). Figure 4(b) shows that suchsheh
processes behave like random walks for time interva
less thart.. Here, we've plottedr e the RMS of the 1st
difference of x(t) over given by [13]
ofie(® = [x(t+1) -x®)1 (11)
This is well-known as the RMS Time Interval Erratk)
when x(t) is the time error [13,14]. One can sex ¢
increases as'? for T < 1. for such noise, and thig"?
behavior is a defining characteristic of randomkaadise
[4,9]. Thus, one would expect Kalman filter resuibs
Poisson and Gauss-Markov processes to be simithato

of the random walk results shown in Figure 3 whgis
on the order of T or greater.

1/T=05

— Filter output

— Meas data

- Pred error

Figure5. Effect of T, on Kalman filter resultsfor a
Gauss-M arkov process.

Figure 5 shows this is indeed the case. Here, Kaliittar
results are shown as a functiontgf(No augmentation of
the filter is used here.) When > 15 (15 is the sample
interval), one can see that the predicted behatats to
become anomalous. This is due to the well-known
reduction in the number of degrees of freedom fthe
number of samples N =%/to N.=Th, for correlated
noise [12]. Ast. approaches the value of T, we note that
the filter output deviates more and more from thest
behavior until the filter output severely misreets the
true behavior.

It is well-known that one can correct such
misrepresentations for any stationary correlatedseno
process simply by making T >, regardless of the value
of 1/1s The only proviso is that Nmust be used in
calculating errors, rather than N. For neg-p prsessthis
is not the case, as is explained in the sectiarfotiaws.

NEGATIVE POWER LAW (NEG-P) NOISE

The random walk noise we've previously discusseanis
example of negative power law (neg-p) noise. Tlase
noise processes that are well-known in time and
frequency sourcesnd get their neg-p name from their
S(f) O f7 (for p < 0) power spectral densities (PSDs)
[9,14]. The well known types of integer neg-p noiggen

x(t) is the time or phase error are listed in Tdble

Name (Sy(f) O 7) p

Flicker of phase -1
Random walk of phase -2
Flicker of frequency -3

Random walk of frequency -4

Tablel. Well-known types of integer neg-p noise when
X(t) isthetime or phaseerror.

Neg-p noise, however, is actually NS, so it cargtottly
be represented by a WSS PSD [9], despite the ffedt t
such PSDs are generally used for analyzing negigeno
[14]. For integer neg-p noise, one can show thahsu
noise has the following (nasty) properties [9]
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Ci(te,T) is bounded for allgtand t, but becomes

infinite for ty— oo [9].

« X(t) never reaches a statistical steady state (x(t)
unbounded ag t- «).

e C(1) is strictly infinite for all . Thus one cannot
strictly use the WSS representation in the time
domain. (An exception will be given later.)

* ;2w as > and 1. is on the order of the
maximum tin the problem for finitegt

* Thus,T. is at least on the order of T and thus one can

never have a situation where T &>

One can simulate integer neg-p noise by Wienegriiilg
white noise [4,9]. In the NS representation, sucieni’r
filtering is written as [9]

Xpft) = j ;drhp(t —t)xq(t) (11)

where x(t) indicates white noise (p =0) andy(tx
indicates power law noise of order p. Formulasdsach
hy(t) have been published [9,10,15,16] and they predu
the simulated outputs shown in Figure 6.

Xo(t)| No
Filter

X010 {1 iy
Xo(t) hz(t) f'EW

Xo(t) hy() f‘?

Xo(t) h_,() f“:

Figure 6. Wiener filter ssimulations of neg-p noise.

fo
—

In the WSS representation, the Wiener filter contioh
is given by [4,9]

Xp(t) = J' jgr ho(t = t')xp(t') (12)

Thus, one can seey(® is unbounded in the WSS
representation for any t, becausg{t)yhhas an infinite
memory f.==) [9]. In systems where x(t) contains
additional system highpass (HP) filtering gftx given by
H(f) (so that the filtered PSD is® = |H(f)|"S,(f) [4]),
one can fix this divergence problem when the Hterfihg
of Hyf) is sufficient to suppress the divergence g0y
[17,18]. If such is the case, the filtered x(tpistationary

correlated ergodic process with a finitedetermined by
the properties of Hff) [17,18]. In this case, the WSS
representation can be used to generate a finigeed x(t)
from the frequency domain,®&). Thus, in this case, the
previous discussion about stationary correlatedgsses
applies.

/p=-3
— Filter output

p=0 fp=21

— Meas data
-+ Pred error

Figure 7. Kalman behavior for neg-p noise.

Figure 7 shows the effects of various integer ardafr
neg-p noise on our Kalman filter model when no eyst

HP filtering is present. Hereg, is set to O at the start of the
simulation. For p =-1, anomalous Kalman behavigt j
begins to become apparent, and the anomalous Kalman
behavior becomes very apparent for for p <-1. IBina

we note that the filter output will become progresty
worse estimator as T gets larger. This is because

0—2“E(tg) grows as In(B) for p=-1 (B is the analog

bandwidth) and@,t'p'1 for integer p < -1 (wherFty and t=0
in (11)) [9,15].

The simulations in Figure 7 also show a dangereiidg
with neg-p noise. Here, we have sgtat zero at the start
of the simulation graphing period, as is commorctica.
Thus, the errors look larger than expected butiplyss
manageable. However, as we have just discussed, the
RMS error from neg-p noise grows without bound as
ty— . Therefore, if the actual physical situation igtsu
that t, is large at the start of a data collection periad,
simulation in which ¢ is set to 0 at the start of the data
collection interval will severely under-report tteue
error.

' Ensemble D IR Start of
a | e
@ A Members N, /1 Fe+ Data (b)

N ‘ & [ S e
M Start ~v N
"o, of Noise "
--—-deT &Data |7 4
Noise after Cal Subtraction
©  mies. v Neg-p
."p".'-’g‘.‘}}&;"‘w:':z an ~~7 noise

Start 252 it o - ek L

SRR S T east
of R IIT T I tt  —squares
Noise} ) Cal Cal residuals

Figure 8. Effect of dependence on t,,.
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This problem is illustrated in Figure 8 for randomalk

(p =-2) noise. Here, results from a least squdits
(LSQF) are shown, where the LSQF in question ptedic
constant offset (whose true value is zero) fronsyaiata
over T. In the figure, we have plotted various ensie
members of the data (dotted lines) along with gedual

fit error over T (solid lines). Here, these solithel
residuals represent the apparent error due todise that
one would infer from the LSQF and the dotted lingsr

T represent the true error. In Figure 8(b), whglie zero

at the start of T, the true and apparent errors are
comparable. However, Figure 8(a) represents thee mor
physically realistic situation, wherg is not zero at the
start of the data collection period. One can see tat
the differences between the true and apparentseena
much larger than in Figure 8(b), because of the
accumulated error prior to the start of T.

This problem can of course be corrected when tetery
sufficiently HP filters x(t) by setting T >%.. However,
when there is no such system HP filtering, a déffer
approach must be used. In Figure 8(c), we show auch
approach. Here, we have introduced periodic cdlidma
around T to remove accumulated errors. Thus, the tr
error during T remains small and comparable to the
apparent error. This is effectively what the GPStem
does for position location, because errors areopixally
calibrated against known ground locations. We note,
however, that this is not true for both the GPS &
timescales, since there is no absolute calibratialable

to remove time errors generated by accumulated iatom
clock neg-p noise defining these time scales.

ENVIRONMENT ERRORS THAT MASK THEIR
ENVIRONMENTAL SIGNAUTURES

Environmental errors can be modeled and removegdibnl
the functional relationships between measurememtrser
and environmental signatures can be identifieddinare
filtering can mask these functional relationshipd aake
the true relationships hard to identify. The nefuitis
errors that do not seem to correlate with enviromale
signatures and act like they are generated by latece
random noise. Figure 9 shows an example of such
environmental behavior and its effect on our Kalman
model. Here, we show the effect of ambient tempeeat
slew rate (dK/dt) sensitivity caused by such hamdwa
filtering.

Such dK/dt sensitivity often occurs because many
hardware components are differentially temperature
compensated to a high degree. For example, thesliod

a double balanced mixer have typical diode drop
voltage/temperature coefficients (dV/dK) of about 1
mV/°C, while differential cancellation reduces theer-

all mixer AC signal zero crossing voltage/tempemtu
coefficient to about 1uV/°C. When the temperature

slews, transient temperature gradients change sathes
diode bridge cause this differential cancellatian ke
temporarily unbalanced as a function of time. This
produces a significant shift in the mixer AC sigazaro
crossing voltage proportional to dK/dt (which isteof
larger than the direct K sensitivity of the mixefhis in
turn produces a phase shift in the output of the&emi
proportional to dK/dt that can generate significeartige
measurement error in a navigation receiver.

, |(©)
_ dK(t)/dt

Iy
L T YL

W HW is temp
© ' But

. slew rate
get this

(a) (b) K(t)

Expect this

sensitive
— Filter output

— Meas data
- Pred error

K = Ambient temperature

Figure 9. The effect of temperature dew rate
sengitivity on a Kalman filter.

In Figure 9(a), Kalman filter output results anestfishown
when the input noise is white. Note the very small
predicted errors relative to the measurement néiiggire

9(b) shows the Kalman filter output with approxielgt

the same level of measurement dK/dt “noise.” InuFég
9(b), note that the error bars are much wider than
Figure 9(a) and that the filter output and errorskeeem

to bear no relationship to the K(t) signature akown in
Figure 9(b). In Figure 9(c), a portion of the Figuw(b)
measured data is graphed along with dK(t)/dt toastie
one-to-one match in behavioral signatures. The iyt

here was generated using a correlated Gauss-Markov
model differentiated in time. Typically, such cdatéons
arise because hardware housings introduce thermal
lowpass filtering and changes in the ambient teatpee
tend to be correlated.

CONCLUSIONS

In this paper, we have shown that correlated botloen
Zero mean noise processes can cause estimatiens fitt
generate anomalous results similar to those noymall
associated with unmodeled non-zero mean behavier. W
have shown that this arises due to the combinatidwo
effects. First, a correlated noise process, eveit i§
stationary and ergodic over an infinite time, cadhileit
non-ergodic-like behavior over a finite data cdilec
interval. Second, such non-ergodic-like behavion ca
mimic the signature of the causal behavior being
estimated, so the filter cannot distinguish thissadrom

the true behavior. These anomalous results caaceed

for stationary noise processes by making T the data
collection interval greater than the correlation time of
the noise process. Neg-p noise is problematicisatrea
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because it has an infinitg, but periodic calibration can
reduce the impact of this infinitg.
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