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Abstract—This paper demonstrates that highly correhted
negative power law (neg-p) noise—noise with a PID|f|P when
p<0—and causal behavior contained in data cannot bgroperly
separated from each other byany causal fitting or estimation
technique. It then shows: (a) that this leads suctechniques to
generate anomalous estimates of the true causal lzfor and to
underreport the true fit error, and (b) that these anomalies
cannot be corrected by adding modeling or increasm the data
collection interval T. Further consequences of thabove are also
discussed. These include anomalous behavior in neig/hitening,
M-corner hat, and cross-correlation techniques andhe non-
observability of unbiased measures of pure randomreor when
neg-p noise is present. The paper also investigatete
relationship between ergodic-like behavior—the appoximate
equality of time averages over a finite T and ensene
averages—and such anomalous behavior in general stdical
processing techniques. It is shown that such ergadlike
behavior is a necessary condition for practical imgmentations
of these techniques to behave like their theoretitaounterparts
and, furthermore, a necessary condition for ergodidike
behavior is T>>t,, where 1. is the correlation time of the noise
process involved. Finally, it is shown that this isunachievable
for neg-p noise, becausa.=o for such noise (unless system
highpass filtering makest, finite for the system filtered noise
variable).

INTRODUCTION

It is well-known that systematic or correlated ercannot
be properly separated from causal behavior in daiag
fitting or estimation techniques (i.e., a leastasgs fit (LSQF)
[1] or a Kalman filter [2]). But the profound imphtions of
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the x(t) are its data samples. As a conceptual aid, one ca
view Xx(t) as a time error-like variable [3,10], tigh this is not
a condition for the paper’s results. Bypservablewe mean
that x(t) is the measured output of an instrumenth as
X(1) = x(t-1) - Xx(t) the range output of a 2-way ranging
receiver, wherex(t) is theunobservabldrue time error of its
timing source and t is the ideal observation tife3]. Note
also from the table that x(t) can be a functionotter t-
dependent independent variable&), but for most of the
paper, we will subsume these in x(t).

Mth Order A-Measures A(T)Mx(t,,)
— A(T)X(t,) —*
— AMX(t,) —— A(Dx(t,tT) —

X(t)
Fit Precision £
Aty 3

oise

Data Precision x | y(t,)
X, (1)

True N

Accuracy of Estimate x wn(tn)
___ Causal Estimate Data x(t,)

___True Causal
Behavior x .(t)

Xam(®

N Samples att , over T

Fig. 1. Model for the estimation causal behavionfmoisy data.
TABLE |. MODEL DEFINITIONS [5-8].
Data variable: x(t) =t) + x(t)  Noise variable: &)
Causal behavior:&) (= x(t,u(t)), v(t) = other variables included iR(§
Xam(t) = M-parameter estimate of(8) Xpaiy,m(t) = (M-1)th order polynomial
True accuracy of fit: xw(tn) = Xam(tn) — X(tn) & = ensemble average
Point varance(Kalman). &%, , (t,) = E[Xy m (tn) = E Xy (0}

AveragevarianceoverT (LSQF):O\%,’M = Zn EnA%N(tn) [n=1:N]

this in dealing with highly correlated negative mowaw
(neg-p) noise (noise with aspa |f P for p<0 [3,4]) have not

Data precision: p(tn) = X(t) — Xam(tn)

o2y =Y &b (tn)
0w (tn) = E[Xyy u (tn) = E{Xy (1)} 2 " Zn: M

been fully appreciated. This paper explores sughidations.

A. The Estimation of Causal Behavior Imbedded in Data

Fit precision(point variance) A%, \ (t,) =P (t,)A5w (t,)

. .. . 2 _ 2
Fit Precision(averag&ariance) oy, y =P40;wm

This paper will primarily deal with the problem of
generating xw(t) an M-parameter estimate of true caus
behavior x(t) imbedded in data samples x(bver the data
collection interval T when noisg( is also present (See Fig.

M™ - ordera - measuresA(T)M x(tn)
A -

K2 1 (1) =AhELA@ M xto )12

ofm = Eozn D3 (th)

A(T)X(ty) = x(ty +T) = x(ty)

)

M

VDY

m=0

M!
m! (M —m)!

1 and Table I). For more detail, also see [5-81,bmiwarned
that there are notational differences. For theniples that
generate xy(t) from the data, we will only assume: (i) thae th
superposition principle holds [9], and (ii) thatyt) — X(t)
when x(t) = 0 and there is no model error, (Xt) can track
X(t) over T with the appropriate parameter adjustnjép).

Note that x(t) isany observable continuous data variable and LSQF [7,8]. These accuracy measures, however, are

Xwm(tn) as defined in Table | is thenly true detailed
measure of the accuracy of,Xt). From x, u(t,), we form

two statistical measures: (&%, (t,) the point variance used

in a Kalman filter, and (ii)o2, ,, the average variance used in
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unobservablesince a priori knowledge o) is required to property (ii). Finally note thatJ(f) can be defined without the
generate them. The basibservableerror we will use is the use of R(T) as the - co limit of W (tg,f).

. ) : ) 5
data precision j(ty) and its variancegvjy (t,) and Ojm - It is important to note that,f) is not the same as(R.
From these one can generate the fit precision messuThis is bgcause variables such x(t}(t)x and >g__(t) are
A%va(tn) and vajM, which estimateaZ, , (t,) and o2y, generally filtered by a system. We represent thiggi the

b ’d h ' | knowled ¢ h . ’f system response function(fl described in Table Il [5-8].
ased on theoretical knowledge of the conversialofa g, her note that suchd) have highpass (HP) behavior as
Pa(tn) andpy. We will later show how to properly calculgig el as lowpass (LP) behavior for typical systenss].
and pq(t.) when the neg-p order is known. We note, foging|ly, note one can defing the correlation time of,f) as
uncorre_lated Kt) and a uniform  LSQF, that gien’in Table Il [13]. One can show- o for neg-p noise,
Pa>Pa=M/(N-M) [1] and that thispy, and its equivalent njess |HO)F has a zero of sufficient order to suppress the

pdo(tn)_are often used when correlated no_ise is_preﬁ'ériﬂ;, pole in Ly(0) [4]. This will be important in our later
we will later show, can lead to very misleading wecy (iscussions.

estimates when neg-p noise is present.
TABLE lll. THE SYSTEM FILTERING OF DATA VARIABLES[S-ll]

The third set of error measures we will discuss Mfe¢ [t-domain X (1) = hg(t =) Op Xp(t) +oo
order A-measuresa(r)™ x(t,) over the intervalt and their | R, (t,,1)=ex,(t, +1/2)x(tg~1/2) XO0y( =[xy

variances AZ \ (t,) and GTZ,M [3,5-7]. These variances argf —domain: X (f) = # x,(t) = Hg(F)X 5(f)  Hy(f) =% (h(t)

proportional to the Allan variance of the time erf8] when | X (f)=# x,(t) L.(f)=[H(f)F Ly(f) Similar equations for

M=2 and to the Hadamard variance of the time eftdj L, (4, ) =H(f +05f ) HL(f —05F,)L ,(Fy. 1) X(t) & Xoft)
when M=3. We will later show that su¢kmeasures can be _ o
viewed as either stability or precision measuregeuthe right Filtered correlation time, Te = Lim 05R(tg,0) " Uy R (tg,T)

tg

fitting conditions [5-8].
ANOMALOUS FITTING BEHAVIOR DUE TONEG-P NOISE

B. Representations of Neg-p Noise —
TABLE Il. REPRESENTATIONS OINEG-P NOISE OFX(t) [4,12] »ff’—

pAd
Non-Stationary (NS) Picture (%(t) = 0 for t<0) E g £0 Noise -3 Noise

ty = Global time from start of noise process x X Xe o Xam £ Oyim

T = local or difference time 1

't.g--»l Fig. 2. Uniform LSQF with p = 0 and p = -3 (N=2048)
Covariance or Correlation Ry (tg,T) = EX,(tg +T/2)X,(ty ~T/2) The major thesis of this paper is that neg-p noise
Fn (g(t) real, £xy(t) = 0) Ro(tyT) = 0 for §< 0 or f| > 2 ¢ correlations preverdny causal fitting or estimation technique
Wigner-Ville Function W (tg.f) = F (Rp(tg, 1) from properly separating(x) from x(t) in x,m(t) and that this

causes the fitted x(t) to significantly deviate from ) for

& Ly(fg.f)=F  Wy(ty, f . . .
Loéve Spectrum (T ) =y 1 Wo(tg 1) any N. Fig. 2 demonstrates such behaviorffor noise when:

(Complex) Fourier V(f)=(FftV(t)EJ. " dtexp(-jet)v(t) [w=27F] (i) a uniform LSQF is used, (i) both(®) and xy(t) are 2°

Transform order polynomials (M=3), (iii) Kf) is an ideal Nyquist LP

Wide-Sense Stationary (WSS) Picture t) 0 for all t) filter, and (iv) pyo is used to predict the error bagsi)£0w;m
Covariance or Correlation =L o i i i
nce of © R, (1) 1|;'flRp(tg’T) oo forallt (which are so small in the figure that they appezalesced

with X, m(t)). The f° case is also shown for reference, where
we note the fit behaves as is classically expedtedthef

SSB PSD Lp(f)=tI;ip;|°Wp(t,_;,f)lelp [p<0]

case, one can see thaj) significantly deviates from )
and a,ju does not properly predict, . What is happening
here is that the,{&,) ensemble member here has behavior that
is substantially quadratic, which the fit includies x, w(t,).
This causes x(t,) to veer off from Yt) and the true error to

. X ; . ; ; be underreported, a well-known effect of correlated
in reallty_ non-stationary (NS), as is summar!zedT&ble Il systematic error in LSQF theory [3]. This is a sfiec
[4]. In this NS picture, pt) =0 for t<0, and its covariance example of a more general principal—that lineapehdent

or correlation function Ri,T) (the same here because giiaples cannot be separated &gy solution technique,
EX,(t)=0) is a function of both the difference time between pecause the determinant of the solution matrix goesero
the covariant arguments angite global time from the start [14].

of xy(t) [4,12]. A neg-p R(,1) has two fundamental o , o
properties: (i) R(t,T) <o for t; <, and (i) R(t,T) - as A further consequence of this is that noise whitgnia
ty—o. In the NS picture, there are two spectral forths, Fechnlqye used 'Ito dete'rmmr(]a' the strucltured e xby
Wigner-Ville Function W(t,f) and the Loeve Spectrum increasing M until y(t,) is white (uncorrelated) [1], is a

Ly(f). Note from the table that the neg-p WSS cowmia =y PIOCBELTE @ 188 W50 Re0-® fo5e & FETIE B
Ry(t) - oo for all T, because it is thg-b o limit of Ry(t,T) and included in x w(t,), making the conclusion about the nature of

Neg-p noise Xt) gets its name from Jf) the single
sideband wide-sense stationary (WSS) PSD giverabieTll
[3,4]. Note that the SSB PSD is used here for nmastieal
convenience [5-9,12], not the DSB(f used in much time
and frequency (T&F) literature [3]. Neg-p noisewawer, is
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X(t) faulty. In other words, noise whitening is bdsen a statistically independent samples over a datassgiven by
white noise truth model and the noise here is rtew Ne=T/1s, not N=T/t, when correlated noise is present [9,13].
Thus, a practical fit becomes anomalous when
T approaches,, because there is a deficiency of independent

Kalman filter, as is shown in Fig. 3. Here, simidatresults : . : S
h ith bottf® and f 2 measurement noise Whensamples. The problem of course in dealing with pewpise is
are shown wi ' that t.=co for such noise; that is, it is non-ergodic. Th{i?3)

X(t) and the causal model are both quadratic and (R . : L :
uncorrelated and (b) correlated measurement noigkeis [2] unlge]sr')s rljsz‘l)sies gjf?iiirg'ﬁﬁstoa:q(;TecaIﬁﬁi?ef;glrng(t??lh%\./|0rafbT,
are used forf 2 noise [15]. For both (a) and (b), one again

sees that xu(t) veers off from Xt) and Aujm(t,)
underestimated\, u(t,), but (b) yields better results. This
better result is due to the fact that thé ensemble member
shown substantially deviates from quadratic behavamd
thus the correlated Kalman noise model is partieffgctive.

This anomalous behavior is further demonstratech in

The above is also true for the practical realizati any
statistical processing technique. Thus M-corner[h&} and
cross-correlation techniques [19,20] should exh#inilar
anomalous behavior when neg-p noise is present. For
example, both these techniques assume that ensemble
. independence of sources implies zero <cposs-correlations
O_nge unld expect poorer corrglated noise modellteesor ¢, large N. For independent sources that are whit@-zero
f™ noise, because such noise tends to be much mefe>; cross-correlation fluctuations decrease &% Nbut for
quadratic-like, as in Fig. 2. such sources that are internally correlated, dhigious from
the above that these fluctuations decrease A9'(* and only
when T >>1.. Thus, neg-p noise is again problematic unless
there is sufficient Kf) HP filtering to maket, finite. This
inability to handle accidentally correlated behaviin
“Xe o Xam By independent sources is a recognized limitation indvher hat

techniques, but its scope has not been fully ajgiest in

Fig. 3. Anomalous neg-p behavior in a Kalman filter ! : ’ ! f
Fig. 2 and Fig. 3 also demonstrate another veryitapt f:ieallng with neg-p noise. For cross-correlatiommégues,t.

principle: (P1) A noise process must be ergodic-like over T fds finite for p2-2. (|Hg(f)POf2for |ff << B the loop
the practical realization of a fitting technique behave like bandwidth of the % order PLL used in this technique [19].)
its theoretical counterpafftL5]. By ergodic-like, we mean that However, t.— « for p>-2, which means that anomalous
<.>; a finite time average over T for a single ensemblgehavior should appear fof = noise, but with -1

Range >

_(a) White " Correlated
Noise Model ¥ Noise Model

f 9 Noise
X

member data set approximates the equivakeaverage over

all ensemble members. We borrow here from (stric

ergodicity, where <.~ as T- [16]. One should note
that this distinction between <z.and& is often overlooked in
discussing fitting processes [1,2,9]. As a corgliar this, we
state a second principlé@®2) One must have T/>> 1, for a
noise process to be ergodic-liKs]. Both these principles are
stated as Ansétze that we demonstrate by exanmgleh, as
those in Fig. 2, Fig. 3, and Fig. 4, rather thanfasnal
theorems. However, these principles are intuitivabyious,
because the decorrelation of samples asoTis a necessary
condition for strict ergodicity [16].

(a) (b) ©

X “Xe  Xam  F XamEDyu

Fig. 4. Kalman filter simulations for a correlatéauss-Markov process: (a)
T/t=2000, (b) T{=200, (c) Tt=20, (d) T£=2.
To further illustrate these principles, let us exanfig. 4.
Here we show Kalman filter simulations of correthtieut
stationary Gauss-Markov noise [9,15] with varioasias of

ﬁnomalous properties, which only grow as In(T) [#his
eeds further investigation.

SPECTRALREPRESENTATION OFACCURACY AND PRECISION
Table IV summarizes a previously presented Green’'s
function methodology for calculating&%,M(tn) and GE’M

(¢ = w orj) andpy andpq(t,) in terms of Iy(f) or Ly(f,,f) [6-8].
The fit here is only assumed to have the genegbasties
given in Section A of the Introduction [6-8]. (Notkat our
notation here is somewhat different from that i¥8]Gand that
Table IV corrects typos in (A.23) of [6] and (A.1d9)[7].)

Table V augments Table IV with new material specié
various types of LSQF.

In these tables, the;w(t) are related to x(t) using
continuous Green’s functions, g(t,t) and their Fourier
transforms Gu(t,f). Note that the t-integration of
Owm(L)X(t) here is in actuality a discretg-summation of

g\(NN,Z,l (t,ty)x(ty), but the continuous form is used so that

A%’M(tn) and O'E’M can be formally written as continuous
spectral integrations. Also note that no modelrae@ssumed

T/, It is obvious from the figure that one must havéere, so all errors are purely a function gf)xIt is a simple
Th.>>1 for a practical Kalman solution to act likes | matter to add such model error to this formulatibrso

ensemble averaged counterpart. Thus such a cedelaflesired. Finally, the spectral estimation kerm@s[tf)I° and

process has in_te_rmediate ergodici.ty,. rather 'ghanal lo K, u(f) together with K(f) completely specifyAZZ’M(tn) and
ergodicity (ergodicity as £ 0) [17]. Principal (P2) is well-
known in another form as the fact that the numbér o
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O'?”M once Ly(f) or Ly(f,,f)) are known, and thusy andpq(tn)

are determined given only the p-order of the noise.

When % u(t) - Xpoym(t), it has been proven that the
estimation kernels have the 2Morder LP and HP filtering

C. The Graphical Represention of

In order to gain an intuitive understanding of behavior
of 0@’M , ofM , andpgy for neg-p noise, it is useful to graph
the spectral integrations in Table 1V, as is shawrrig. 6.

properties also listed in Table IV [6,7]. Fig. Snuenstrates Here, we have simplified ju(f) and Ku(f), representing
this for K y(f) with a LSQF. The fact that a fit can be viewedhem as sharp cut-off LP and HP filters with knesgjfiencies

as a filter is well-known [9], but this specific Z\brder form

fr (N>>M>>1). We have also simplified¢f) representing it

for Xpayum(t) estimation is what is new here. A consequerice S & simple sharp LP filter with a knee frequencs,.aFig.

this is thatAzjy,\,I and oiM are always guaranteed to converg

for any neg-p order given an appropriate choiceygf m(t),
independent of the HP properties qffH[6,7].

TABLE IV. GREEN SFUNCTION REPRESENTATION OF AFITTING PROCEDURE

Xam (0= Gwm LT X(X)  gum )= gl G tn)3(t-t,)
gim (L) =3(t-t)—gwm(tt) Gemtf)=Frgemtt) (c=worj)

Point Variances p(t,,) = A2, (tn)/AZj wm (ty) (zero model error)
WSS B v (t) =I Gy (tn . F) PIHS(F) P Of L(f)
NS: A7\ (tn) = Gy (tn,f +05f5)Gy u (tn, f ~05Fg)
[y, Of Hy(f +05f)Hg(f —05fg) L p(f g, f)

Average Variances p = o'a/ M /o'J-ZM (zero model error)
WSS 67 =Kz m (F) [Hs(F) P Of L(f) KC,M(f)=Zn£n|Gc’M(tn,f)|2
NS: 62y =K (fg,f)Hs(f +05fg)HL(f ~05fg) Or Of Ly(fg,f)

Kem(fo.f) = annGC,M (tn. T +05f)Ge y (tn. f —05Fy)

Spectral Behavior: For X, u(t) = Xpoym(t) an (M-1§" polynomial, Gym(t,f)
and Gu(f) are M" order LP & HP filters and {w(f) and Kw(f) are 2M"
order LP & HP filters, all with knee frequencieste order of f [6,7]

Noisebandwidthof fit: f+ = 050¢ K, \ (f)/ Ky, m (0)

TABLE V. LSQFFORMULAS

Weighted LSQF Xam (1) = g(t)fg g(t)T 0, pg (Hu(t) =1 (orthonormal)
=[x() -a"u()] O, pe(t)[x(1) - u(t)"a] u(t) = (g (9-um (1)
=u(t) O, pe (OX() xam (£2) = u()Tu(t) Op pe (t)x(1) 2= (@r-ay)’
Pe(t) = End(t=ty)
HO M =7 pg (Hu)
Kim(f) =1-Ky m(f)

Cov(@=&aa'= HW(HOHW(H)TOp [H_()P Lp(f) (no modelerror)
For all&, =&, & N - 0: u(t) = normalized Legendre Polynomials.

X2
a
gwm (L) = u(®) Tu(t)pg (1)
G (tH=u) "H M) = Transpose

Kw,m (F) = HOETH )

Polynomials z(t) = L.tM ™)' x,y (ta)=z(H)'b  u(t) = wz(t)
Gy mtH=20" W WHO(®) Ky (F)=HO (1) W' wH(f)
HOM = pe (02 HE(®) =(i0/09™ ™Y &, exp(-jwty)
Evaluate KP(f) with high precision for f <<1 because of terancellation.
Uniform weighting @ . m-1expjutg) 1—-exp(-jwT)
H =(jo/o

En=&= LN (0 =(1070¢) N 1-exp(joty)
EX(t)X(tr) = 0?8, & uniform LSQF €, = &)
o =(N=M)E,0” Pdo = M/(N = M)

b=w'a

Uncorrelated x(t,)
0% =MEq0?

e

6(a) shows the {(f) white noise case, where one can easily
See thatpg=f{/(f;-f1). Thus, even for white noise and a
uniform LQSF §.,=¢;), one doesiot obtain the uncorrelated
Pa=M/(N-M) unless H(f) is an ideal Nyquist sampling filter
with f,.=(2t)™ [9] (N=T/t; and one can show=£M/(2T)). This

is a restatement of the well-known correlation dff¢hat
occurs in oversampling for the analog bandwidth [9]

Uniform LSQF Weighted LSQF
0 oF---—--—--=
m
©
£ -50 -50 —
> 1
= —L— |
¥ 100 100 /1 |Weighting :
Teﬁj '4-:
«—T |
159, -1 0 ) 1 0 1 2
Log 1,(fT) (N =1000) Log 10(fT)
Fig. 5. Kwm(f) HP filtering behavior for Yy m(t) [9-10].
(<]
- - >
0 fr f, 0 f, f, I o%m
(a) White Noise (b) Neg-p Noise

Fig. 6. WSS spectral representation%@vfM and OJ'ZM .

Now consider the Fig. 6(b) case, where neg-p nise
present. It is obvious from the graph thai,’,\,, - o and

O'J-Z’M is finite (pg —») for any T. In the past, this WSS
o\fv'M infinity has been considered a mathematical dedéct

oev’,\,, [3], but we will show later, using the NS pictutbat
this infinity indicates a real physical problem.

D. The effect of an HP filtering System Response kmct
= Pole =
€ (@) fr>>1, Sf S_b) fr<<fy %m
% No Pole ; \_'0/’ 3 czj.M
3 fy fr fy S fr f, fh
Log(f) Log(f)
Fig. 7. The effect of HP {f) on ¢2 ,, and 0]2M for neg-p noise.

We noted before that ) can have HP filtering
properties. Here we will discuss the impact of ¢hésP

properties onofvyM, O']-Z’M, and pg; when neg-p noise is

present [6-8]. Fig. 7 again grapbﬁvy,\,I and oiM when neg-p

noise is present but with Jf)|*> approximated by a 2f
order HP filter with a knee frequengyplus a sharp LP cutoff
at f,. Combinations of two sets of conditions are shawthe
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figure: (i) the |H(f)[* HP roll-off suppresses the,(0) pole, or
(ii) it does not, and (&} P> f, or (b) f <<f. For (a-i) and
(b-i), one can see tha is finite, but will deviate from the
uncorrelatedpy,. For (a) ps> paor @nd interestingly for (b),
Pa <pPdo We also note for these cases, thatis finite
(tc 0 1/(2f)) for the filtered neg-p noise, and this noiséash
WSS and intermediate ergodic. Thus, a fitting téspie will
be well-behaved for such filtered neg-p noise.

combinations (a-ii) and (b-ii), botb&vyM andpq are infinite.

In these caseq, is infinite, but the effective neg-p order is
reduced for f </f

NEG-P ACCURACY AND PRECISION IN THE NS PICTURE

Ensemble
t=0 Members \,

X — Ximty)
Fig. 8. Uniform LQSF for f noise (xay(t) and x(t)=0) in NS picture.

For

A-V ARIANCES ASSTABILITY AND PRECISIONMEASURES

X(t X(t
Xt F iy O Xtn)
jMALM e Xjm(tm °
X(to) < ' Pl 4 Xj,M(tm) """ »I °
-yt =y i P
* T* i % T* & L 2.7 .
« Xau(ta) ¥ « Xmta)fit AT 2
fitovert q...ty.s overty.tybutnot, * X;uta) -
. ) fitoverallt ...ty
Extrapolation Interpolation
+— (a) Stability (b) Precision

Fig. 9.A-measures as stability and precision measures

In Fig. 9, we summarize how VorderA-measures can be
interpreted as either stability or precision measup-8]. In
Fig. 9(a), wedefineM™ order stability as the extrapolation or
interpolation error p(tn) under the following conditions: (i)
There are M+1 data points ft,+m't) for m’ =0 to M, (ii)
Xam(tm) = Xpolym(tm), @nd (iii) Xyoiym(tm) is fit to only M of
these points x(t) excluding m'=m so that ¥, u(tm) exactly
passes though thesex]t (There are zero degrees of freedom
here [5].) Under these conditions, it has been shdwat

Xim (tM)DA(T)Mx(tO) [5]. Thus, M" order A-variances,

To gain a better understanding of what is physicalisuch as Allan and Hadamard variances, can be rghro

happening Wherv\%,’M - oo in the WSS picture, consider the

NS picture of the similar situation in Fig. 8(a)Here: (i)
multiple ensemble members of x(t) #tx(so x(t) = 0) start at
the finite time t = O, (ii) the data collection g&at > 0, and
(i) H{f) is a simple Nyquist LP filter. From the figurene

can see thato&v’M >012’M >> deGJZ’M and 03\,’,\,' - 0 as
to— o, because Ky becomes unbounded ag-to, but
O'J-Z,M remains well behaved ag-too, because ) is treated
as part of xu(t). Thus, the infinity in the WS$I3V,M is the

indication of a true problem with the fit accuraicya real
situation; that is, the inaccuracy of wt) truly becomes

interpreted as statistical measures of such dtabikig. 9(b)
shows how one can also interpret” Mrder A-variances as
data precision measures when all M+1.,}(tare used to
determine ¥y m(t) With a uniform LSQF. Here, one can also

show thatx | (ty ) 0 A(D) x(t,) [6.7].

Consider now the problem of defininginbiased
observable statistics of purely random neg-p error.

Theoretically, 0r2 an unbiased variance of purely random
neg-p error is easily formed by replacing x(t) wikt).
However, we have just shown that x(t) witQwt) removed
over T is not ensemble equivalent t(t)xwhen neg-p noise is

present, even when MNew. Thus, observable statistics of

unbounded when, iis very large in a physical situation. Thefgrmed by removing xu(t) from x(t) are not even

proper response to this infinity is therefore teestigate and
try to correct the real problem, not to ignore yt ising an
inappropriate error measure that happens to coaveéigally,

note thatf ™ noise is a borderline case, becawsg,, only
grows as Ingf,) [21]. Thus, even whenq is as large as the age
of the universe, thé ™ contribution toc?, , can be smaller
than that due to the white noise [22].

Fig. 8(b) demonstrates a pitfall that occurs whemg
simulations to predict neg-p noise errors. Hegds tsmall
compared witht, (t, =0 in this case). Note thaIﬁ,yM and

oiM are roughly comparable here, which misrepresdms t

asymptotically unbiased statistics, let alone usdxiaones for
finite N. But this is precisely the implication imany
standards documents, which state, without furtteenroent,
that statistics of random error are to be formeddioving
frequency offsets and drifts from the data first1(3.
Specifically, we have just shown that such obsdevab

statistics will underestimatef by removing portions of J(f)
below f for X,oym(t) fitting. For A-variance statistics of
random error, one can show that such underestimatit
peak ast approaches T. This can explain the well-known
tendency of non-total [23,3] statistics @fvariances with
Xpoly,m(t) removed to generate downwardly biased resoits f
neg-p noise when approaches T. For total statistics [23,3],

situation when ¢ is large. Thus, unless, t> 1., such which double the data to remove such downward bjasés

simulations will not properly represent the phykisituation

being simulated [15]. Since this is problematicrieg-p noise
when H(f) cannot maket. finite, such neg-p noise
simulations will always misrepresent the true pbgbi
situation.

conjectured that the interaction between the dagbknd
fitting process causes the appearance bias renvattabut
truly increasing the statistical confidence of dsimate. This,
however, needs further investigation.
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